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5-H ' Abstract. We construct a representation of the affine W-algebra of g(r on the equivariant 
homology space of the moduU space of C/r-instantons, and we identify the corresponding 
module. As a corollary, we give a proof of a version of the AGT conjecture concerning pure 

N = 2 gauge theory for the group SU{r). Another proof has been announced by Maulik and 
' Okounkov. Our approach uses a deformation of the universal enveloping algebra of Wi+oa, 

, which acts on the above homology space and which specializes to W{glr) for all r. This 
deformation is constructed from a limit, as n tends to oo, of the spherical degenerate double 
. afiine Hecke algebra of GL„. 
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0. Introduction 

In their recent study of iV = 2 super-symmetric gauge theory in dimension four, the au- 
thors of [1] observed a striking relation with two-dimensional Conformal Field Theory. More 
precisely, they observed in some examples and conjectured in many other an equality between 
the conformal blocks of Liouville theory associated with a punctured Riemann surface and the 
group Ur on the one hand and the instanton part of the Nekrasov partition function for a suit- 
able four-dimensional gauge theory associated with the groiip Ur on the other hand. Numerous 
partial results in this direction have been obtained in the physics litterature, see e.g., [15] and 
the references therein. In mathematical terms, the AGT conjecture suggests in particular the 
existence of a representation of the afhne VF-algebra of G on the cquivariant intersection coho- 
mology of the moduli space of G^-instantons on R'* satisfying some extra properties (relating 
the fundamental class and the Whittaker vector), see [7] and [22]. Here G, G^ are a pair of 
complex reductive groups which are dual to each other in the sense of Langlands. For the gauge 
group G = G^ = GLr, a construction of this action will be given by Maulik and Okounkov. It 
uses ideas from symplectic geometry, see, e.g., Okounkov's talk in Jerusalem in December 2010. 
The purpose of this paper is to give, again for G = GLr, an alternative construction of this 
action which is inspired by our previous work [39] . It is based on degenerate double affine Hecke 
algebras. 

Let us describe our main result more precisely. Let Mr = U„>o Mr.n be the moduli space 
of rank r torsion free coherent sheaves on P^, equipped with a framing along C P^. It is 
a smooth symplectic variety of dimension 2rn. It is acted upon by an r -|- 2-dimensional torus 
D = (C'')'^ X D where (C'')^ acts on P^ and D = (C^Y acts on the framing. When r = 1, the 
moduli space Mi_„ is isomorphic to the Hilbert scheme Hilbn of n points on C^. In the mid 90s, 
Nakajima constructed a representation of the rank one Heisenberg algebra on the space 

by geometric methods, which identifies it with the standard level one Fock space, see [32] and 
[24] . The case of the equivariant Borel-Moore homology 

was considered later in [43]. For r ^ 1 there is still a representation of a rank one Heisenberg 
algebra on the space 

but it is neither irreducible nor cyclic, see [4]. A construction of a representation of a r- 
dimensional Heisenberg algebra on L*^*") has also been given in [28]. Now, let 



Rr = C[x,y,ei,...,er], Kr = C(a;, y, d, . . . , e^) 
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be the cohomology ring of the classifying space of D and its fraction field. The space L'^'') is an 
i?r-module. Set L^' = L*'') Kr- We'll abbreviate 

K = -y/x, Si = ei/x, $, = l-K, ie[l,r]. 

Let Wk{Qir) be the level k afRne M^-algebra of glr. Recall that the cup product in equivaraint 
cohomology yields a bilinear map 

(.,.) :L^^ xL^) ^if, 

called the intersection pairing. Set e = (ei, 62, ... , e^), £ = e/x and p = (0, —1, —2, . . . , 1 — r). 
Here is the main result of this paper. 

Theorem, (a) There is a representation of Wk{glr) of level k = K — r on L^-*, identifying it 
with the Verma module Mp of highest weight /3 = — (e*+ ^p)/k. 

(b) This action is quasi-unitary with respect to the intersection pairing on L^'. 

(c) The Gaiotto state G = X^„^o^"' ~ [-^r.n]) is a Whittaker vector of M^. 

Parts (a) and (&) are proved in Theorem 8.32 and part (c) is proved in Proposition 9.4. Note 
that Wk{gh) is a Heisenberg algebra of rank one. So the theorem may be seen as a generalization 
to higher ranks of the representation of the Heisenberg algebra on the equivariant cohomology 
of the Hilbert scheme. For instance, for r = 2 we get an action of the Virasoro algebra on the 
cohomology of the moduli space of f72-instantons on R*. The relation with the AGT conjecture 
for the pure N = 2 supcrsymmetric gauge theory is the following. Recall that Nekrasov's 
partition function is the generating function of the integral of the equivariant cohomology class 
1 e H^{Mr,n), i.e., we have 

Z{x,y,e; q) = ^ q"([M^,„], [M^,„]). 
The element G belongs to the completed Verma module 

Let {Wd,i ; I & Z, d G [1, r]} be the set of the Fourier modes of the generating fields of Wk{Qir)- 
Then Mp has a unique bilinear form (•, •) such that the highest weight vector has norm 1 and 
the adjoint of Wd,-i is Wd.i for ? > (up to a sign). Then, the element G is uniquely determined 
by the Whittaker condition and wc have 

Z{x,y,e; q) = ^q"{Gn,Gn). 

Let us now explain the main steps of the proof. Since T4^-algebras do not possess, beyond 
the case of qI^, a presentation by generators and relations, we cannot hope to construct directly 
the action of Wk{Qlr) on L^' by some correspondences. Our approach relies instead on an 
intermediate algebra SH*^, defined over the field F = C{k), which is interesting in its own right, 

(r) 

and which does act on L]^^ by some correspondences. The actual definition of SH*^ is rather 
involved. Its main properties are summarized below. Let SH„ denote the spherical degenerate 
double aflane Hecke algebra of GLn. Let A = ; Z ^ 1]. Let 

Jf={co,bi ; / e Z) 

be the Heisenberg algebra of central charge cq/k. First, we prove the following in Section 1 and 
Appendix F. 

Proposition, (a) The algebra SH'^ is Z-graded, ^-filtered and has a triangular decomposition 
Sn" = SH> (g) SH'='° O SH<, SH-^'^ = F[ci ; / > 1] (g) F[Do,i 
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Here F[ci ; I ^ I] is a central subalgebra. The Poincare polynomials of SH^ and SH^ are 

psH> {t, Q)=uii r=W ' ^""^ ^) = n n r=W • 

(h) Let SH he the specialization of SH*^ at cq = anrf c; = —k^oj^ for 1^1. For n ^ 1 there 
is a surjective algebra homomorphism : SH — ;> SH„ wit/i P|^Ker^'„ = {0}. 

(c) The part of order ^ for the M-filtration is SH'=[<0] = Jf (g) F[ci \l^2\. The algebra 
SH*^ is generated by SH'^[< 0] and Do,2- 

(d) Let SH^^''^'- -' be the specialization o/SH*^ at cq = 1 and c; = for 1^1. It has a faithful 
representation in A such that acts in the standard way and Do, 2 acts as the Laplace- Beltrami 
(or Calogero- Sutherland) operator 

£)o,2 = K □ = - k) '^{l - l)b-ibi + X! i^-i-kh^k + b-ib-kbi+k) ■ 

1^1 l,k^l 

(e) The specialization o/SH^^''''---^ at k = 1 is isomorphic to the universal enveloping algebra 
of the Witt algebra Wi+oo ■ 



We do not give a presentation of SH'^ by generators and relations. We do not need it. 
However, the subalgebras SH> and SH< have reahzations as shuffle algebras, see Theorem 4.7 
and Corollary 6.4. The central subalgebra F[c; ; ? ^ 0] is not finitely generated, but only two of 
the generators are essential, i.e., the rest may be split off. 

A construction of a similar limit SH'^ of the spherical double affine Hecke algebras of GL„ as 
n tends to infinity appears in [38]. The algebra SH^ depends on two parameters t,q, and SH"^ 
may be obtained by degeneration of Sm*^ as t i— >■ 1 and g H- 1 with t = q~'^, in much the same 
way as the trigonometric Cherednik algebra is obtained by degeneration of the elliptic Cherednik 
algebra, sec Section 7. In [39] it was shown that SH'^ acts on the space 0„^o K^{Mr,n), where 

is the equivariant algebraic K-theory. Adapting the arguments of loc. cit. to the equivariant 
cohomology setup, we prove the following in Theorem 3.2, Proposition 6.7 and Lemma 8.33. Let 
SH^' be the specialization of SH*^ (8> J^'r to cq = r and Cj = pi{ei/x, . . . , Cr/x). 

Theorem A. There is a faithful representation p^^^ o/SH^^ on L^^ such that L^^ is generated 
by the fundamental class of M^^o • 

This representation is given by convolution with correspondences supported on the nested 
instanton spaces. In the proof of Theorem A an important role is played by the commuting 
varieties 

Cn = {{u,v) G {Ql„f; [u,v] =0} 
and the cohomological Hall algebra, which is an associative algebra on 

C' = 0iJ^(C„), T={C^f. 

Let ii{Wkiglr)) be the current algebra oiWkiglr)- We'll use a quotient 'WiWkiglr)) ofH{Wk{Qlr)) 
whose definition is given in Section 8.4. It is a Z-graded, IM-filtcrcd, dcgrccwisc topological asso- 
ciative algebra with 1 which is degreewise complete. Let ii(SH^^) be the degreewise completion 
of SH^\ which is defined in Definition 8.9. Our main theorem is a consequence of the following 
results, proved in Theorem 8.21 and Corollary 8.27, and in Theorem 8.32 and Proposition 9.4. 
Put k = K — r. First, we have 



Theorem B. There is an embedding of graded and filtered algebras 
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which extends to a surjective morphism ii(SH]^'^) — > '^(^^^(glr)). The map O induces an 
equivalence between the categories of admissible SH^^ and (Wkiglr)) modules. 

This allows us to regard L^^ as a Wfe(0lr)-module. Then, we have the following. 

Theorem C. The representation L^^ ofWk{Qlr) is a Verma module. It is quasi-unitary with 
respect to the intersection pairing. The element G is a Whittaker vector for Wk{Qlr)- 

Theorem C is proved by some simple explicit calculation. Let us briefly indicate how we prove 
Theorem B. Our approach rests upon the following crucial fact proved in Theorem 7.9. 

Proposition. The algebra SH^ is equipped with a topological Hopf algebra structure. The co- 
multiplication is uniquely determined by the following formulas 

A(Ci) = Cj ® 1 + 1 (8)C;, />0, 

A(6o) = bo<8)l + l<8)&o + ^co(8)co, A(6,) = 6i 1 + 1 6;, Z ^ 0, 
A(£>o,2) = £'o,2 O 1 + 1 O -Do,2 + < X] ® 

Using this coproduct, we equip the category of admissible SH'^-modules with a monoidal 
structure. In particular (L^'')®'' is equipped with a faithful representation of SH^-*. We call 
it the free field realization representation. We then compare this free field representation of 
SHj^'' with the free field representation of Wk{Q\r) using some explicit computations in the cases 
r = 1,2, the coassociativity of A and the fundamental result of Feigin and Frenkel [17], [18] 
which characterizes Wk{Qir) as the intersection of some screening operators. 

One remark about the Hopf algebra striicture on SH"^ is in order. It was observed in [44] 
that, under Nakajima's realization of affine quantum groups in terms of equivariant K-theory of 
quiver varieties, the coproduct of the quantum groups could be constructed geometrically using 
some fixed subsets of the quiver varieties. In later works, a geometric construction of tensor 
products of representations in terms of both cohomology and K-theory of some quiver varieties 
was given in [33], [29]. In this paper, we do not give a geometric interpretation of our map A. 
In fact, we obtain it by degenerating a similar coproduct on the algebra SW^. The existence of 
a Hopf algebra structure on SH'^, in equivariant JC-theory, is not more natural than on SH'^, in 
equivariant cohomology. However, since SIH*^ is identified with a central extension of the Drinfeld 
double of the spherical Hall algebra £ of an elliptic curve over a finite field, see [39] , and since 
this Hall algebra has a coproduct^, the algebra SH^ is also equipped with a comultiplication. We 
do not know, however, of a similar isomorphism involving SH*^ which would give directly the 
comultiplication. 

Some of the methods and results of this paper generalize to the case of the moduli spaces 
of instantons on resolutions of simple Kleinian singularities, equivalently, the Nakajima quiver 
varieties attached to affine Dynkin diagrams. We'll come back to this question elsewhere. 

To finish, let us say a few words concerning the organization of this paper. The construction 
and properties of the algebra SH*^ are given in Section 1. In Sections 2 and 3 we define some 

(r) 

convolution algebra acting on the space L]^ and state our first main result. Theorem 3.2, which 

claims that this algebra is isomorphic to SH]^'. In Section 4 we introduce the commuting variety 
and its convolution algebra, the so-called cohomological Hall algebra. The proof of Theorem 3.2 is 
given in Sections 5 and 6. Section 7 is devoted to the construction of the Hopf algebra structure 
on SH*^. Section 8 discusses the free field realizations of SH^-* and WkiQir), and compares them 
(first for r = 1 then r = 2 and then for arbitrary r). Theorem 8.21 is proved in Section 8.9, 
and part (a) of our main Theorem is proved in Section 8.11, see Theorem 8.32. Finally, Section 

^The correct choice of coproduct on £ here is not the standard one, but rather the standard one twisted by a 
Fourier transform, see (7.51). 
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9 is devoted to the Whittaker property of the Gaiotto state, with respect to both SH]^-* and 
Wk{gir)- Several technical lemmas are postponed to the appendices. In particular, the relation 
with PFi+oo is explained in Appendix F. 



0.1. Notation. We'll use the continental way of drawing a partition A = (Ai ^ A2 . . .), with 
rows going from the bottom up of successive length Ai, A2, etc. If s is a box in the diagram of 
a partition A, we denote by x{s),y{s),l{s),a{s) the number of boxes lying strictly to the west, 
resp. south, resp. north, resp. east, of the box s. 

Example 0.1. For the box s in the partition (5,4^,2, 1) depicted below 







































s 





Figure 1. The partition (5, 4^, 2, 1) and a box in it 

we have x{s) = 3, y{s) = 0, l{s) = 2 and a{s) = 1. 

When we need to stress the dependance on the partition A we will write ax{s) and lx{s). 
This notation extends in an obvious way to boxes s which might lie outside of A (in which case, 
a\{s) or l\{s) could be negative). For instance, if A = (5,4^,2,1) as in Figure 1 above and 
x{s) = 4,y(s) = 2 then a\{s) =- —1 and l\{s) = —2. We will occasionaly refer to a box through 
its coordinates s = {x{s) + l,y(s) + 1). As usual, the length of a partition A is denoted 
and the conjugate partition is denoted A'. Finally, if s is a box of a partition A then we denote 
by Ra and Cs^ the set of all boxes of A in the same row and same column respectively, as s, 
with s excepted. We call r-partition of n & r-tuple of partitions with total weight n. Given two 
r-partitions A = (A^^), A^^), . . . A^'')) and /x = (/x^^^/i^^), . . ./x*'')) we write 

A c M <^ A(°) C At^''^ Va. 

For any commutative ring A we set 

(0.1) kn,A = A[Xu...,Xnf-, KA = A[X^,X2,...f^. 

Note that A^ is the Macdonald algebra of symmetric functions. Let 7r„ be the obvious projection 

(0.2) 7r„ : Aa K,A- 

For any ring A let 5 be the map A ^ A® A given by 

(0.3) 5{a) = a(8)l + l(8)a. 

For r > 1 let 5'^~^ : A — >■ A^^ be the map obtained by iterating r — 1 times the map 5. Let 

(0.4) ez = eKXi,X2,...), pi = pi{Xi, X2, . . mx ^ mx{Xi, X2, . . .) 

be the ^-th elementary symmetric function, the ^-th power sum polynomial and the monomial 
symmetric function, see e.g., [30, chap. I]. Let 



(0.5) e[") =eKXi,...,X„), p'{'> ^pi{Xi,...,Xn), m^"^ = mA(Xi, X2, . . . , X„) 
be the corresponding functions in A^.n- If no confusion is possible we abbreviate 



,(") 



(0.6) 



(n) 



Pi = Pi 



in) 



(n) 



8 



O. SCHIFFMANN, E. VASSEROT 



We write also 

Z2 = Z2\(0,0), 
N2 = n2\(0,0), 

(0.7) # = {(e, ; e = -1, 0, 1, / > 0} \ (0, 0), 

<^+ = {(e,Z)G^; e>0}, 
^- = {(e,Oe^; e<0}, 



1. The algebra SH" 



1.1. The DDAHA. We define 

G = GLn, if =(€><)", i) = Lie{H), 
C[H]=C[Xt\...,Xt% m=C[x^,...,Xn], Cr]=C[2/i,...,y„]. 

Here {yi, . . . ,yn) is the basis dual to (.xi, . . . ,.t„). The symmetric group 6„ acts on H, f) and 
f)*. Let Si, . . . , s„_i be the standard generators of ©„. For i ^ j let Sjj be the transposition {ij). 
Finally, set F = C{k) and A = C[k]. The degenerate double affine Hecke algebra (=DDAHA) of 
G is the associative F-algebra H„ generated by F[H], F[i)*] and -F[S„] subject to the following 
set of relations 

(1.2) = s, s G 6„, 

(1.3) Siy = Si{y)si - K{xi - Xi+i,y), y G [)*, 



(1.4) [yi,Xj] = { 



-KXiSij if i < j, 

Xi + k{ J2k<i XkSik + J2k>i XiSik) if i = j, 

-nXj-Sij Hi > j. 

Let S = Sses * ^® complete idcmpotcnt in C[6„]. The spherical DDAHA of G is 

(1.5) SH„=S-H„-S. 

Let H+ C H„ be the F-subalgebra generated by 6„ and {yi,Xi ; i G [l,n]}. This is a 
deformation of the algebra of polynomial differential operators on H. Similarly, let H~ C H„ 
be the subalgebra generated by 6„ and {yi,X^^ ; i G [l,?i]}. Write 

(1.6) SH± = S-H±.S, SHO=SFr]S. 



Remark 1.1. Formally setting k = in the relations of H„ yields a presentation of the crossed 
product Diff(i?) x (S„, with yi degenerating to Xidxf The spherical DAHA is a deformation of 
the ring Diff (iJ)®" of symmetric differential operators on the torus H. 



1.2. Filtrations on H„ and SH„. Wo define the order filtration on H„ by letting yi be of 
order 1 and s, Xf^ be of order 0. We define the rank grading on H„ by giving to s, j/j the degree 
and to Xf^ the degree ±1. Let H„[r, <Z] be the piece of H„ of degree r and of order ^ I. The 
piece of degree r and of order < I in SH„ is 

(1.7) SH„[r,</] =S-H„[r,</]-S = SH„nH„[r,</]. 
Similarly, we set 

(1.8) SH+[r, <Z] = S • H+[r, <Z] • S = SH+ n H„[r, </]. 
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All the constructions given above make sense over the ring A. For instance, let Hn,A C H„ be 
the A-subalgebra generated by ©„, A[i)*] and ^[-ff], and put 

SH„^^ = S • Hn,A ■ S — SH„ n lln,A, 

(1.9) H„,Ah^/] = H„,AnH„[r,s$/], 
SH+^[r, = S • Kjr,^l] ■ S = SH+^ n H„[r, 

The PBW theorem for H„^ implies that any element of has a unique decomposition in the form 

(1.10) ^ /i,(X)5,(y)s, g,{y) € A[t)*], h,{X) & A[H]. 

Therefore, we have Iln,A 'S'a F = H„. Since SH„^^ is a direct summand of the ^4- module H„^^, 
we have also SH„_4 (g)^ F = SH„. A similar argument yields 

(1.11) H„,^[r,^Z]®AF = H„[r,<Z], SH„,^[r, 0^ = SH„[r, ^Z]. 

Let Hn.A and SH„,/i be the graded A-algcbras associated with the order filtrations on Hn,A 
and S1In,A respectively. Let us state some useful consequences of the PBW theorem. Whenever 
this makes sense we may abbreviate ad(2:) for the commutator with z. 

Proposition 1.2. (a) An element u G SH„,/i is of order ^ k if and only if 

(1.12) ad(zi)o...oad(zfc)(u) e S- -S, Vzi, . . . , Zfe € S • • S. 
(b) The obvious maps yield A-algebra isomorphisms 

A[H X ()*] X 6„ = Hn,A, A[H x [)*]®" • S = S • A[H x [)*] • S = SH„,a- 
Proof. Let SH„^^[^A;] be the space of the elements of order ^fc in SH„^a- We have 

(1.13) H„,^[^A;] = {^/i,(X)ff,(y)s ; deg(5,) ^ k, Vs}. 

s 

Let Uk bo the set of elements of SH„^4 satisfying (1.12). The inclusion SH„_A[^fc] C Uk follows 
from (1.4). We prove the reverse inclusion by induction. For A; = there is nothing to prove, so 
let us assume that Ui C SH„_a[^ I] for all / < k. We have ad(Xi + • • • + Xn){yi) = Xi for all i. 
Prom this and (1.13) we deduce that 

(1.14) {u e Un,A ; ad(Xi + • • • + Xr,){u) e H„,^[< j]} c H„,^[<i]. 

In particular, we have Uk C H„^A[^fc]- We are done. □ 

Lemma 1.3. The F-algebra SH„ is generated by SF[t)*]S and SF[H]S. The F-algebra SH+ 
is generated by SF[f)*]S and SF[Xi, X„]S. 

Proof. First, we have an isomorphism 

(1.15) Slin,A/iK)c^C[xt\Xidx„...,X^\X„dx„f". 

A similar result holds for SH^^ = S • H^^ . S. Next, the following is well-known. 

Claim. The algebra C[X^\Xidx^ ts generated by C[Xt^, and 
C[Xidxi , Xndxn]^" ■ An similar result holds for C[Xi, Xi^Xi , • . • , Xn, XnOx^]^"' ■ 

We now prove the second statement of Lemma 1.3. We have 

(1-16) SH+^ = 0|JSH+^[r,<Z] 

and SH^^[r, ^l] is a free A- module of finite rank such that 
(1.17) SH+^[r,<Z]®^F = SH+[r,<Z], 
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because SH^^[r, ^ ^] is a direct summand in the ^-module and H^^ (g)^ F = H+. The 

claim above implies that SH+^[r, < is linearly spanned by a suitable set of monomials 

in the elements S^-X'S and S^-ylS for I ^ 0. Thus, by Nakayama's lemma and (1-17), we 
have that SH+ [r, < /] is linearly spanned over F by the same set of monomials. This proves the 
second statement in the lemma. The first one is now for instance a consequence of the fact that 
any element of SH„ belongs to (Xi • ■ • X„)~' • SH+ for I big enough. □ 

The assignment Xi ^T^' Hi ^ Hi-: s ^ extends to an algebra antiautomorphism tt of 
'H.n,A, as may be directly seen from the defining relations. It restricts to an algebra antiauto- 
morphism of SH„,A taking SH+^ to SH"^. Thus SH"^ may be identified with (SH+^)°p. 

Remark 1.4. Let Ax be the localization of A at the ideal (k — 1). We define 'Rn,Ai and SH„_^j 
in the obvious way. Lemma 1.3 holds true with F replaced by Ai. The proof is similar to the 
proof of [5, thm. 4.6]. It suffices to observe that the specialization of SH„^^j at k = 1 is a simple 
algebra, because it is a (Ore) localization of a simple spherical rational DAHA by [42, prop. 4.1]. 



1.3. The polynomial representation. The tautological representation of Diff(ff) k (5„ on 
C\H] can be deformed to a representation of H„^a on A[i7], see [10]. This representation is 
defined by the following explicit formulas 

(1.18) Pn{s) = S, 

(1-19) Pr,{Xf^)=Xf\ 

1 ^ Sif^ 

(1-20) PniVi) = Xidx, + ^ X! 1 _ X /X- ^ ^ 

k^i ' ^ k<i 

From now on we'll write 

(1.21) A„,^=A[Xi,...,X„]®", ■Wn,A = A[X^\...,X^% V„,A=W®'i. 
We'll abbreviate 

(1.22) A = Af, K=K,F, Wn=Wn,F, V„ = V„,F. 



Theorem 1.5 (Cherednik). The assignment Pn defines an embedding Pn '■ iln,A Eiid(W„^^) 
which takes SH„^a into End(V„,^). 

The representation p„ is called the polynomial representation. The space An. a is preserved 
by the action of the subalgebra SH^_^. Let /0+ denote the corresponding faithful representation 
of SH+^ on An,A- We set 

(1.23) £»f/=Sp;(yi,...,|/„)S/Z, 1^1. 

The elements Dq^i generate a commutative subalgebra called the algebra of Sekiguchi operators. 

The joint spectrum in A^^a of the operators d'^^^ consists of the Jack polynomials , for A a 
partition with at most n parts, and their eigenvalues are as follows [30]. See Section 1.6 below 
for details on the notation for Jack polynomials. Consider the generating function 

n n 

(1.24) An{u) = S Y[{u + 2/i)S = ^ S e,S u^-\ 

i=l i=l 
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Lemma 1.6 (Macdonald). For 1{X) ^ n we have 

n 

A„(u) • Jf' =l[(u + Xi + K{n- i)) \ 



The above lemma only gives the eigenvalues of the elements Se^S for i S [l,n], but this 
enough to determine the eig 
following immediate corollary. 



~ (n) 

is enough to determine the eigenvalues of all the operators j . In fact, Lemma 1.6 has the 



Corollary 1.7. For / € C[?/i, . . . and Z(A) < n we have 

S/S ■ ^ = /(Ai + K(n - 1), A2 + K{n-2),..., A„) \ 

Since the joint spectrum of the D'^i is simple, the Jack polynomials {J^^} are completely 
determined by Lemma 1.6, up to a scalar. Following Stanley [41] we normalize this scalar by 
requiring that . 

(1.25) Jf^e Fm^+|A|!Xi...X„. 

(1")<M^A 

For future use, we state here the Fieri rules for Jack polynomials [41, thm 6.1]. For a pair of 
partitions /i C A with |A| — |/x| = 1 we write 

s&C,-,, ''^^^> SGR,^, 

where Cx\^ and R\\^_i are as in Section 0.1. Here, for any box s of a partition A, we have set 
(1.27) hx{s) = Kh{s) + {ax{s) + 1), h^{s) = k{Ix{s) + 1) + ax{s). 

Theorem 1.8 (Stanley). For ^ n we have 

(1-28) eiJ(")=^VAvJi"\ 

A 

where the sum ranges over all partitions A of length at most n with C A and jaj = + 1. 



1.4. The normalized Sekiguchi operators. The eigenvalue of the operator Dq" on the Jack 

polynomial J^"'' for ^ n do depend on n. In order to correct this, we will introduce a new 

(n) (n) 

set of diagonalisable operators Dq ( , whose eigenvalues on the J\ 's are independent of n. We 
may think of these new operators as normalized Sekiguchi operators. We'll use the following 
simple combinatorial lemma. Given a box s in the diagram of a partition A we'll write 

(1.29) c(s) = x{s) - Ky{s). 

Lemma 1.9. For I e IKI there exists a unique element B;"^ e A[yi, . . . , j/„]®" such that 
bI"'\Xi - K,X2-2K,...,X„-nK) = ^c(s)', 1{X) < n. 
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Proof. There exists polynomials Tr^i{z) G A[z\ such that for alH ^ we have 
Then, for 1{X) < n, we have 

n n 

^c(s)'' = ^r,,,(A,) = ^r,,i(Ai - Ki), fr,i{z) = Tr,i{z + Kl) . 

seA j=l i=l 

The existence of Br"^ will be proved if we can show that Tr,i{z) — Trj{z) e A for any i,j (as 
polynomials in z). For this, it is enough to show that for all i,j 

(1.30) fr4z) - fr,i{z - 1) = frjiz) - frj{z - 1). 

We have Tr^i{z) — Tr^i{z — 1) = {z — 1 — — l)y, since this holds for any 2; e N. Therefore 
Trs{z) — Trs{z — 1) = {z — 1 + kY for any i, from which (1.30) is immediate. The unicity 
statement is clear. □ 



Now, we define the operators 

(1.31) D^^^ = SBlZ\{yi - riK, y2-nK,...,y„- nK)S, I > 1. 
By Corollary 1.7 and Lemma 1.9 we have, 

(1.32) Df).jl")=^c(s)'-Vf), /(A)<n. 



In particular, we have Dq]\i) = and the eigenvalues of Dq"^ are independent of n. It is easy 
to see from the proof of Lemma 1.9 that 

(1.33) Bl::{=pi/l + qi, 

with qi a symmetric function of degree < Thus {Bq"\ . . . , B^}^} is a system of generators of 
the ^-algebra A[yi, . . . ,yn]^"- Hence, we have the following. 

Lemma 1.10. The A-algebra SH° ^ is generated by {-Dq"'' ! ' 5^ !}• 

Remark 1.11. For each partition A let A' be the conjugate partition and set n(A) = A^(A^ — 
l)/2. The formula (1.32) yields 

<i-4"^ = WA')--«(A))jl"). 

Thus, we have -Dq"2 = where □„ is the Laplace- Beltrami operator. See e.g., [30, chap. VI, 
sec. 4, Ex. 3] where □„ is denoted Dj^ ^ . 



1.5. The algebras SH+ and SH~. Our aim is to construct some limit of the algebra SH„ 
and of the representation p„ as n tends to infinity. The algebras SH„ do not seem to form a 
nice projective system. Instead, our method is as follows 

• first we define limits SH='= for the subalgebras SH^, 

• then we define SH as some amalgamated product of SH+ with SH~ . 
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For this we first need to understand some relations between SH+ and SH^ inside SH„. This 
is what we do in the present paragraph. For / ^ 1 we set 

n(") _ „c 
Uqq — na, 

n("-) — fn(") n(") l 
By Lemma 1.3, the F-algebra SH^ is generated by {-Dg"'' ^±IQ i ^ ^ !}• 

Definition 1.12. Let SH> be the i^-subalgcbra of SH+ generated by {D^"/ ; 1^0}. We 
define the _F-subalgebra SH^ of SH^ in a similar way. 

Example 1.13. The following identities hold 

= S{Y,Xiyi)S - K{n - 1)2)^/2, 

i 

(1.35) D% = S{J2y.X-')S - K{n - 1)D%I2, 

i 

l-^i,u-^i,o i ~ *-^;+i,0' l-^-;,o'-^-i,ii ~ *-^-;-i,0' i ^ u- 



The following is immediate. 

Proposition 1.14. For I > the following hold 
(a) e SH> and D% G SH< for I 0, 
(h) for l{iJ.) < n we have 

(1-36) D<^^.j(r)=j2c{xvyi'x\,j^>r^ 

X 

where the sum ranges over all partitions A with 1{X) ^ n, n C X and |A| = |/Lt| + 1. 



Note that (1.36) and (1.32) imply that (1.34) holds also for I = 0. The next result describes 
some of the relations between the three algebras SH^, SHj^ and SH^. As we will see in 
Proposition 1.26 below, these relations (which, thanks to the introduction of £>o"o ' depend 
on n) are the only ones which survive in the limit n — >■ oo. For I ^ we write 

^ = 1 - K, 

Go(s) = -log(s), 
(1-37) Gi{s) = {s-'-l)/l, Ij^O, 

Ms)= E s\Gi{l-qs)-Giil + qs)). 

g=l,-J,-K 



Proposition 1.15. The following relations hold in SH, 

(1-38) K?.<i]=</+; 

(1.39) [dI-^,D%] = -D% 

(1-40) [Z?Wfe>M?]=4' 
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where the elements E'j^^ are determined through the formula 

(1-41) . 

1 + + KLOS 

Proof. The first two relations arc easily deduced from (1.32) and (1.36), and from the faithfulness 
of the polynomial representation A„. The third relation is the result of a direct computation, 
see Appendix B. □ 

From now on we'll abbreviate (g) = <Sif (the tensor product of F- vector spaces). 

Proposition 1.16. The multiplication map induces isomorphisms 

SH> ® SRO ^ SH+ SRO ® SH< ^ SH- . 

Proof. By Lemma 1.3, the algebra SH+ is generated by the pair of subalgebras SH>, SH°. 
Next, (1.38) implies that SH>] c SH> for I > 0. Thus we have SH^ •SH> = SH> -SHO. 

The surjectivity of the multiplication map 

(1.42) m : SH> ® SH0->SH+ 

follows. To show that m is injective, we may use a degeneration argument similar to the one in 
Lemma 1.3. We leave the details to the reader. □ 



CoroUciry 1.17. The multiplication map induces a surjective map SH^ (g) SH„ (g) SH^ — )■ SH„. 

Proof. By Proposition 1.16 and Lemma 1.3, the F-algebra SH„ is generated by the triplet 
of subalgebras SH^, SHjJ, SH^. hence by the collection of generators {_d|"'', Dq"'', IJ^j'j}. We 
must check that any monomial in these generators may be 'straightened' into a linear combination 
of monomials in which the generators ^o"^' ^^-i*;} appear in that fixed order. It is not 

difficult to see that relations (1.38)- (1.40) enable one to do this. □ 



1.6. The algebra SH+. Let us now address the problem of constructing a limit SH+ of SH+. 
The following result is well-known, see e.g., [41, Prop. 2.5]. 

Lemma 1.18. For 1{X) ^ n and for any positive integer m <n we have 

A l-^l) • • • l^TOJ^J) • • • ) = i „ •J•,/^^ 

[0 ifl{X)>m. 

(n) 

This lemma allows one to define the limit of the symmetric polynomials Jj^ as n tends 
to infinity. We will write Jx = J\{X) for this limit. It is called the integral form of Jack's 
symmetric function associated with the parameter a = 1/k. It is denoted by the symbol J_[^^"^ 
in [30, chap. VI,(10.22-3)]. The family {Ja ; A G H} forms a i^-basis of A, see [30, chap. VI]. 
The map 7r„ : A ^ A„ is given by iTniJx) = if ^A) ^ n and nn{Jx) = otherwise. The 
operators D^^, for Z G N, being the multiplication in A„ by symmetric functions, obviously 

stabilize in the limit A, since A is a ring. For instance D^q is given by the Fieri formula (1.28), 
whose coefficients are independent of n. In other words, we have 

(1.43) Wn+l,n O i'iy ^ = A? O 7r„+l,„ 
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where we have denoted by 

(1.44) 7r„+i,„ : A„+i ^ A„ 

the projection maps. The kernels of the maps 7r„+i.„ arc hncarly spanned by Jack polynomials, 
and the operators are diagonalisable on the basis of Jack polynomials with eigenvalues 

independent of n. This implies that for all n, Z > 1 we have 

(1-45) 7r„+i,„ o i)^""^^' = £>^"/ o 7r„+i,„. 

Since the polynomial representation is faithful and since the F-algebra SH+ is generated by 
(1.46) 

we deduce that the assignement 
(1-47) 

extends to a well-defined and surjective F-algebra homomorphism 
(1-48) : SH++1 ^ SH+ 

This allows us to consider the following algebra. 

Definition 1.19. We define SH+ to be the F-subalgebra of Hn^i generated by the families 
Do,i = (Dg^) and Di^o = (i'S) ^ith I ^ 1. 

By construction, there are surjective maps 

(1.49) :SH+^SH+, Do,i ^ D^^} , Di,o ^ dI"^^ , 1^1, 
such that n^Ker($„) = {0}. Further, we have the following. 

Proposition 1.20. There is a faithful representation p+ o/SH+ on A such that, for I ^ 1, 

P+{Dq^i){Jx) = ^ c(s)'~^ Ja, p+(A,o) = multiplication bypi. 

sex 

The map 7r„ intertwines the representation p+ with the representation /9+ of SH+ on A„ . 

Observe that {-Do,; ;^ ^ 1} generates a free commutative algebra which is isomorphic to A. 
The same holds for {-Dj.o 'J ^ !}• We define a N-grading on SH+, called the rank grading, by 
putting Difi in degree I and £)o,i in degree 0. We define a iNl-filtration on SH+, called the order 
filtration, such that an element u is of order < if 

(1.50) ad(^i) o . . . o ad(^fe)(u) G F[A,o ; ^ e N], V^i, . . . , ^fe e F[A,o ; Z e N]. 

Let SH+[r, <Z] the piece of degree r and order < I. Note that any element of SH+ has indeed 
a finite order. Consider the Poincare polynomial 

(1.51) PsH+(i,?)= 5^ dim(SH+[r,/])tV, SH+[r, /] = SH+[r, </]/SH+[r, <Z]. 
Lemma 1.21. The Poincare polynomial o/SH+ is given by 

PsH+(i,?) = 117^7^' ('■'Oe^ 

r,l 
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Proof. By Proposition 1.2(b), the i^-vcctor space 

(1.52) SH+[r,;] = SH+[r,<;]/SH+[r,</] 
is isomorphic to the subspace of polynomials in 

(1.53) F[Xi,...,Xn,yi,...,ynf" 

of degree r in the Xj's and of degree I in the j/j's. By Proposition 1.2(a) we have 

(1.54) $„(SH+[r, <Z]) = SH+[r, 
Thus induces a surjective map 

(1.55) :SH+^SH+ Do,i ^ pj^'Hyi, . . . ,yn)/l, A,o ^ pJ"^(Xi, . . • , ^n), I > 1- 



Thus SH [r, I] is identified with the space of symmetric polynomials in infinitely many variables 
(1.56) F[X,,X2,...,yi,y2...f- 

of degree r in the Xj's and degree I in the j/j's. By Weyl's theorem the F-algebra (1.56) is freely 
generated by the invariants X^fc>i ^^.yl. for r, Z > and (r, Z) 7^ (0, 0). The result easily follows. 
□ 



Remark 1.22. The order filtration on SH"*" is not the same as the filtration given by putting 
Difi of order and Dqj of order ^ / (see however Proposition 1.38). 

Remark 1.23. We have p+(Do,2) = kO, where □ is the Laplace-Beltrami operator in infinitely 
many variables, i.e., □ = = lim in Macdonald's notations, see Remark 1.11. 



Remark 1.24. There is a unique F-algebra homomorphism e+ : SH+ — )■ F such that e'^{Do^i) = 
£+(£);, 0) = for / ^ 1. Indeed, the sum of ©r^i^^''^M ^^'^ augmentation ideal of 

F[Do^i ; Z > 1] is a two-sided ideal of SH+. 



1.7. The algebra SH. Our next objective is the construction of the limit of the whole algebra 
SH„. We construct SH by 'gluing' together two copies of SH+, denoted SH+ and SH~, with 
SH- = (SH+)°P, along the subalgebra 

(1.57) SHO = F[Do,i -,1^0]. 

The extra generator -Do,o, which accounts for the limit of the -Dg"Q's, may be considered as a 
formal parameter. We'll write cj = Do^. For / > 1 let -D_i,o € SH" be the element mapping to 
D^-io ^'^^ '^^ Consider elements 

(1.58) = [£»o,m,^i,o], = [£>-i,o,-Do,m], 

Let SH> be the F-subalgebra of SH+ generated by {Di i ; I ^ 0}. This is the limit of SH^ as n 
tends to infinity. Now put SH< = (SH>)°p. We may view SH" and SH< as the limits of SH" 
and SH^ respectively. Note that SH^ is the F-subalgebra of SH~ generated by {-D_i^; ; 1^0}. 
We define 

(1.59) SH>[r,<Z] = SH> nSH+[r,<Z], SH> [r, < /] = SH> n SH+ [r, < /] . 
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Definition 1.25. Let SH be the F-algebra generated by SH>, SH° and SH< modulo the 
following set of relations 

(1.60) w = Dofi is central, 

(1.61) [Do,i,Di^k]=Dij+k-i, 

(1.62) [Do,i,i?-i,fc] = --D-i,;+fc-i, 

(1.63) [D_i,k,Dt,i]=Ek+u l,k^Q, 
where the elements E^+i are determined through the formula 

(1.64) 1 + CX!^'*'^^ = K{K,u,s)exp{J2Do,l+m{s))■ 
By Proposition 1.15, there are surjective maps 

(1.65) $„:SH^SH„, Z?o.;^-D|i?, i^±i,o ^ ^So> oj ^ nS, 1^1. 

As above, for each / > we write Dq^i and D±i^o for the families {D^^) and {D±^iq) in Yln>i 
The definition of SH is justified by the following result. 

Proposition 1.26. (a) The multiplication map induces isomorphisms 

SH> (g) SH° ~ SH+ (E) F[u)], SH° ® SH< ~ SH" (g) SH> «) SH° (g SH< ~ SH. 

('fej The map nii>i identifies SH with the F-subalgebra o/ n„>i SH„ generated by Do,i 
and D±ifi with I ^ 0. 

Proof. The surjectivity statements in (a) is proved as in Proposition 1.16 and Corollary 1.17. 
To prove (a) it thus remains to show that the multiplication map 

m : SH> (g> SH" (g) SH< SH 

is injective. Consider the following commutative diagram 

SH> (g) SH" (g) SH< ^!L^ SH 



(1.66) 



4>n 



SH> ® SHO ® SH< SH„. 

Let u G Ker(m) and assume that u ^ 0. There exists positive integers ri, rs, Zi, Z2, ^3 such that 

u G SH> n , ^ Zi] ® SH° Za] » SH< rs , < ^3] • 
By Definition 1.19 we have 

(1.67) SH> C n SH>, SH< C n SH<, SH" c [] SH^. 

n^l n^l 

Since we have 

SHO = F{Df} ; Z > 1], SH" = F[Do,/ ; ^ > 0], 
we have also an inclusion SH" C nn>i ^^^n which identifies the element uj — Dq^ with the 
family (nS). Thus, for n » we have $®'^(m) 7^ 0. By passing to the associated graded and 
using the PBW theorem, we see that the restriction to 

SH>[<ri, SUli^h] SH<[<ri, <Z3] 

of the map m is injective for n ^ 0. But then o rn{u) 7^ 0, a contradiction. This shows that 
Ker(m) = {0}. Our argument also implies that p|„ Ker($„om) = {0}. Hence Ker($„) = {0} 
because m is surjective. This implies the part (6). 

□ 
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As a direct consequence of Lemma 1.21 and Proposition 1.26 (a) wc have the foUowing. 
Corollary 1.27. The Poincare polynomials of SH^ and SH^ are respectively given by 

Psu> {t, <?) = n n ' = n n i^W • 

r>Ol^O ^ r<Ol^O 

For a future use, let us mention also the following basic facts. 

Proposition 1.28. (a) The F -algebra SH is generated by the elements ui, Di.O; D-i^, Do,2- 
(b) There is a unique anti-involution tt o/SH such that n{D±i^i) = D^i^i, 'jt{Do,i) = Dq^i. 

Proof. From (1.61)-(1.62) we see that D±x i is an iterated commutator of -D±i.o and Do,2- Prom 
(1.63) we see that SH° is generated by the commutators [i^-i,*:, i'l,;] for k,l ^ 0. This proves 
(a). Part (&) is obvious. □ 

Remark 1.29. Note that {£*;,o ; ^ € Z} generates a commutative subalgebra of SH (use Propo- 
sition 1.26(6) and the commutativity of the elements D^^, Z e Z, in SH„). 

Remark 1.30. In Corollary 6.4 we'll give an explicit description of the subalgebra SH> of SH+. 

1.8. The algebra SH'^. Now, we define a central extension SH'^ of SH. To do this, we introduce 
a new family c = (co, ci, . . . ) of formal parameters, and for Z > we set 

(1.68) (l)i{s) = s^Gi{l + ^s), SH-^'O = F''[Do,i ; / > 0], F-^ = F[ci ; Z > 0]. 

Definition 1.31. Let SH'^ be the F-algebra generated by SH>, SH'^-O, SH< modulo the 
following set of relations 

(1.69) c; is central, 

(1.70) [Do^uDi^k] = Di,i+k-i, I > 1, 

(1.71) [£'o,/,i?-i,fe] = -I>-i,;+fc-i, 

(1.72) =Sfc+h Lk^O, 

where -Do,o = and the elements Ek^i are determined through the formula 

(1.73) l+^^i;;s'+i =exp(^(-l)'+ic«^j(s)) exp(^I?o,j+i'P;(s)). 

Remark 1.32. Given a family c = (cq, ci, . . . ) of elements in an extension of the field F, let SH'^ 
be the specialization of SH*^ at c = c. The specialization at c = is canonically isomorphic to 
the specialization of SH at a; = 0. Next, a direct computation shows that 

K{k,w,s) = exp (5^(-l)'+i(J,,o - K^uj^is)). 

Therefore, taking cq = and c; = —i^oj^ in F{uj) for Z ^ 1, we get an i<'(a;)-algebra isomorphism 
SH" SH such that Di^i Dij and f-i,; i-)- f-i,; for each I > 0. 

Remark 1.33. We abbreviate SH*^"'*^! for the algebra associated with the familly of parameters 
(co, Ci, 0, . . . ). By Remark A.l there is an algebra isomorphism SH*^ SJi'^°''^^ (S) F[ci ; Z ^ 2] 
such that Di^i i-> Di^i and i?-i,; f-i,; for each Z ^ 0. In other words, the algebra SH*^ 
depends only on the parameters cq, Ci up to isomorphisms. 
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Proposition 1.34. (a) The F -algebra SH'^ is generated by c;, Di^, -D_i,o, -Do,2- 

(b) There is a unique anti-involution n o/SH*^ such that 7r(ci) = c;, 7r(Z)±i,;) = -D=fi,; and 
7r(£>o,i) = Do,i. 

Proof. Parts (a), (6) are proved as Proposition 1.28. □ 

The following specialization of the algebra SH*^ will be important for us. 

Definition 1.35. For a field extension F C K and an integer r > let Kr = -^'(ti, . . . ,Sr), 
where ei,...,er are new formal variables. Consider the algebra homomorphism F'^ — )• K^-, 
c; I-)- c; = p;(ei, . . . , £r). We define the i^^-algebra SH^^ = SH'^ iS)f<= K^- We write also 
SH^''> = SH> (8) Kr and SH^^'< = SH< Kr. 

Wc can now prove the following. 

Proposition 1.36. The multiplication map SH> SH'^''^ SH< — > SH'^ is an isomorphism. 
Proof. The injectivity follows from Corollary D.2 and the commutativity of the diagram 

(1.74) 

(SH> SH-^'O O SH<) (g) ii-^ ^ SH-^ O iiT^ 

for all r. The vertical maps are given by the specialization and the horizontal ones by the 
multiplication. The proof of the surjectivity is similar to the proof of Corollary 1.17. Since SH*^ 
is generated by SH>, SH*^'*^ and SH^, and since these subalgebras are respectively generated 
by {Di^i ; 1^1}, {£>o,/ ; ^ ^ 0} and {-D_i ; ; 1^0}, it suffices to prove that any monomial 
-Dxi • • • D:xis may be expressed as a linear combination of monomials in which the generators Dij, 
Dq^i, appear in that fixed order. The relations (1.69)-(1.72) allow one to do that. □ 

Remark 1.37. There is a unique F-algebra homomorphism e : SH*^ -> F such that e|sH+ = 
^IsH- =£"''0 77 and £(c;) = for each I e [M. Use Remark 1.24 and Definition 1.31. 

1.9. The order filtration on SH'^. In this section we extend the order filtration on SH"*" to 
SH*^. Let SH'^[s, <Z] be the image by the multiplication map of the F-vector space 

(1.75) J2 SH>[si,</i]0SH'='O[<Z2]0SH<[s3,</3]. 

Sl,S3,li,l2d3 

The sum is over all tuples such that S1+S3 = s and ^1+^2+^3 = I- The F-subspaces SH^[si, ^li] 
and SH^ [S3, ^ ^3] are as in (1.59), and SH'='°[^ h] is the F-^-subalgebra of SH'='0 spanned by the 
polynomials in the elements Dq^i of order ^ /2- By Proposition 1.36, the F-algebra SH*^ carries 
a Z-grading and a N-filtration 

SH'= = SH*^ [s] , SH'= = IJ SH-^ I] , 

(1.76) 

SH-^ [s] = U SH-^ [s, < Z] , SH-^ [< Z] = SH'^ [s,^l]. 

We will prove that SH*^, with this filtration, is a filtered algebra. Hence, the associated graded 
SH is an algebra. Next, following (1.35), we define inductively the element Difi e SH*^ so that 
D_ifi, Di Q are as above and 

(1.77) [£>i,i,A,o] = «A+i,o, [£>_i,o,£'-i,i] =/£'-i-i,o, l>0. 
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Finally, for l,r > 1, we set 

(1.78) Dr,l = [Do,l+l,Drfl], D-r,l = [D-r,0, ^0,i+l]. 

This notation is compatible with the previous definition of D±i^i. The elements Dj.,i satisfy the 
following properties, see Lemma E.3, 

(1.79) Dr,ieSlI>, £>_^,iGSH<, 7r(A,o) = £'-i,o, [Do,i, A,o] = «A,o. 

Proposition 1.38. (a) The element Dr^d is of order d, i.e., we have 

Z)^,d e SH>[^(i] \ SH>[<d], Z)_^,d e SH<[^d] \ SH<[<(i], r^l. 

The symbols of the elements D±r,d with {r,d) S Nq freely generate SH^. 

(h) The order filtration on SH*^ is determined by assigning to Dr^d> c; the orders d and zero, 
(c) ForhM >Owe have SH'=[< /i] • SH'=[< h] C SH'=[^ h+h]. 

Proof. It is known that -Dq"^ is of order d in SH+ for any n hence -Do.d is of order d in SH+. 
Similarly, Drfi is of order zero. It follows that Dr,d is of order at most d. Let D^y.^^ be the 
symbol of the element D±r,d- A direct computation shows that 

(1.80) :d|.;;^ = cr,d s Xvt s e sh+ , cr,d g ^ 

i 

This means that D^^J, hence also Dr,d, is of order d. Equation (1.80) also shows that the set 
{D^^ ; X G Nq} generates SH^, and therefore that {Dx ; x G [KIq} likewise generates SH^. 

Comparing graded dimensions we get that these same generators freely generate SH . This 
proves (o) for SH+. The same proof works for SH~. 

We now turn to part (&). Let SH'^[^?] temporarily denote the degree at most I piece of SH*^ 
with respect to the filtration defined by (fo). By (a) we have SH='=[=^ I] = SH^[^ I] for any I, 
and the same holds for SH>, SH*^'*^ and SH<. Prom the definition (1.75) we immediately have 
SH-^f^Z] C SH-^ [=<;/]. By construction, we have 

(1.81) sn''[4l] = {uiU2---Us;ui e Sff*[<Zi], a e {>,o,<}, h + ... + i, = i}. 

Thus, in order to show the inclusion SH'^[=<;Z] C SH'^[^Z], it is enough to prove that 

(1.82) SH*=[<Zi] • SH<=[<Z2] C SH'=[< h + k], 
which reduces to 

(1.83) ad(i:)^,<j)(SH'=[s^Z]) c SH'^is^/ + d]. 

Rather than using the elements Dr,d we introduce a more convenient set of elements. Define 
inductively, for r ^ 2 and d ^ 1, 

'[Z)i,i,y^_i,d] ifr-l^d ^ ^ r[D_i,i,yi_^,d] ifr-l^d 
[Difi,Yr-i4+i] ifr-l = d, |^[£)_i,o, Vi-r,d+i] ifr-l = d. 

We have 1^,^ G SH^ and F_r,d G SH"^. One shows by arguments similar to those used in (a) 
above that Yr^d is of order exactly d and that the symbols Yr,d freely generate SH . We will 
now prove that 

(1.85) ad(y^,d)(SH'^[s$Z]) C SH'^[s^Z + d]. 

Since ad(Yr,d) is an iterated commutator of operators ad{Do^i), ad(£)±i,i), ad(£'±i,o)) it is 
enough to prove (1.85) for each of those. For Dqj this comes from the fact that SH='= are filtered 
algebras. For the others it is enough to show that 

(1.86) ad(i?±i,i)(r±^,0 G SH±[<Z], ad(D±i,o)(F±^,i) eSH±[<Z] r > 0, 1^0, 

(1.87) ad(£>±i,i)(y^^,0 gSHT[<Z], ad{D±ifi){Y^r,i) € S1I^[<1] r > 0, 1^0. 



(1.84) Yr,d 
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Both (1.86) and (1.87) easily follow from the inductive definition of Yr.d and from the relations 

= E2, I?i,o] = [/?-i,o, i^i.i] = El. 

Statement (c) was proved on the way. □ 



1.10. Wilson operators on SH>. Recall that SH° = F[Do,i ; / ^ 1]. By (1.70) the commuta- 
tor with Do,; preserves SH> and the operators ad(I?o,i) commute with each other. This extends 
uniquely to an action of the algebra SH° on SH> satisfying 

(1.88) Do,i»u=[Do,i,u], ueSH>, 1^0. 
Recall that A carries a comultiplication given by 

(1.89) A{pi)=piiS,l + liS>Pi, 

We'll use Swcedlcr's notation A(a;) = Y^xx a;2. We identify SH*^ and A via Dq^i >->• pi. We 
hence have an action 

(1.90) •:A®SH>^SH>, 

which we call the action by Wilson operators. For a field extension F G K \ei • denote again 
the corresponding action of Kk on SH^. The following lemma is left to the reader. 

Lemma 1.39. (a) The action of A on SH^ preserves each graded piece o/SH-^, 

(b) the action of A on the degree n part o/ SH^ factors through A,,,, 

(c) the Wilson operators are compatible with the coproduct, namely 

x»{uv) ='^^{xi»u){x2*v), X e A, u, t;eSH^. 



1.11. The Heisenberg and Virasoro subalgebras. For Z > 1 we define the following elements 
h = {-x)-^D_i^o, b-i = A,o, bo = Ei/k, 

(1.91) Hi = {-x)-^D_i,,/l + (1 - l)co^bi/2, H^i = y-^Di,i/l + (1 - l)co^b-i/2, 

Ho=[HuH_i]/2. 

These elements will be important to define a Virasoro subalgebra in a completion of SH^'*. In 

Appendix E we prove the following. 

Proposition 1.40. For k,l gZ we have 

(1.92) [bi,b-k]= I Si,k Co /k, 

(1.93) [H_,,bi] = -lbi-u [Hubi] = -Ibi+i. 

Let be the Heisenberg subalgebra of SH*^ generated by {6; ; I G Z} and cq. 

Remark 1.41. A direct computation yields, see Section A, 

Eo = Co, El = -ci+co(co-l)$/2, E2 = C2+ci(1-co)$+co(co-1)(co-2)$V6+2kL>o,i. 
For / > 2 we have also 

(1.94) El = l{l ~ 1)kDoj-i mod SH'=^°[s;/ - 2]. 

Recall that SH'^'''[^/ — 2] is the space of elements of SH'^'" of order at most I — 2. 
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2. Equivariant cohomology of the Hilbert scheme 

In this section, wc recall briefly the structure of the Hilbert scheme of points on the complex 
plane C^, and we define a convolution algebra acting on its (equivariant, Borel- Moore) homology 
groups. This is essentially a homology version of the K-theoretic construction given in [39], to 
which we refer the reader for a more detailed treatment. All the geometric properties of the 
Hilbert scheme which we use below may be found in [14], [43]. 



2.1. Equivariant cohomology and Borel- Moore homology. Let G be a complex, con- 
nected, linear algebraic group and let X be a G- variety, that is an algebraic variety equipped 

with a rational G action. By a variety we always mean a complex quasi-projective variety. 
Let Hq{X) and H^{X) be the equivariant cohomology group and the equivariant Borel- Moore 
homology group of X, with C coefficients. We write 

(2.1) HG{X) = ^Hh{X), H^{X)=^Hf{X). 

i i 

Both of these spaces are graded modules over the graded ring Rq = Hg{»)- Recall that H^{X) = 
Hq^{X,V) where V is the G-equivariant dualizing complex, see [6, def. 3.5.1] or [23, sec. 5.8]. 
Recall that 

(2.2) H^(X) = H, 

+2dim£;-2dimG 

{X xgE), 

where E ^ E/G is a principal G-bundle such that H^{E) = for j = l,2,...,z. The cup 
product endows Hg{X) with the structure of a graded commutative i?G-algebra. We denote by 
[Y] e H'^{X) the fundamental class of a G-stable subvariety Y (Z X. If F is pure of dimension d 
then the class [F] has the degree 2d. Let us now assume that X is smooth and connected. Then 
the map a i-> a • [X\, where • denotes the cap product, defines a Poincare duality isomorphism 

(2-3) Hl{X)^Hg^x_^{X). 

This allows us to define a product on H^{X), dual to the cup product on Hg{X). If is a 
G-equivariant vector bundle over X then we write 

c\E) £ H^^iX), c^{E) = c\E) ■ [X] £ Hg,^ ^_^,{X) 

for the equivariant Chern classes of E. We write eu{E) = Cr{E) where r is the rank of E. We 
call eu{E) the Euler class of E. We have 

Ci{E © E') = Ci{E) + Ci{E'), cn{E © E') = eu{E) en{E'). 

Fix a morphism f : X ^ Y oi complex G- varieties. If / is a proper map there is a direct image 
homomorphism 

(2.4) ,U ■■ Hf{X) ^ Hf{Y). 

If / is a fibration or if X, y are smooth complex G- varieties there is an inverse image homo- 
morphism (given, in the second case, by the Poincare duality isomorphism and the pull-back in 
equivariant cohomology) 

(2.5) /* : Hf{Y) ^ Hf^^^{X), d = dimX - dimF. 

Note that if Y is smooth and Z C F is closed then H'^{Z) = HGiY,Y \ Z). So, if X, Y are 
both smooth and Z CY is closed then the pull-back in equivariant cohomology gives a map 

(2.6) H'^iZ) = Hg{Y, Y\Z)^ Hg{X, X \ f-\Z)) = H'^{r\Z)). 
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(2.7) 



H^{Y) 



H^{f-\Z)) 




Further, given a Cartesian square of smooth complex G-varieties 



(2.8) 



where i, i' are proper, we have the base change identity f*i'^ = i*g* . If Y' , X' are no longer 
smooth but i, i' arc closed embedding then the inverse morphism g* is still well-defined and the 
base change identity above holds. 

Example 2.1. Assume that T is a torus and that X is a point. Then Rt = S{t*), where t is 
the Lie algebra of T. Let E he a. finite dimensional representation of T. Write it as a sum of 
characters E = xi ® ■ ■ ■ ® Xr with Xa '■ T ^ . Then we have ci{E) — ei{dxi, ■ ■ ■ ,dxr) and 
dXa € t* is the differential of Xa- In particular, 



(2.9) 



Note that, since the Euler class is multiplicative, we may consider the element eu{E) in Kt, the 
fraction field of Rt, for an arbitrary virtual T- module E. For any characters x, x' of T, we may 
abbreviate x* = and x '8 x' = X x'- If ^ = (C^ )^ we get 

(2.10) RT = C[x,y], 

where x = ci{q) = dq, y = ci{t) = dt and q, t are the characters of T given by 

(2.11) q{zi, Z2) = z^'^ , t{zi, Z2) = Z2^ . 



2.2. Correspondences. We can now define the convolution product in equivariant homology. 
Let Xi , X2 , X^ be smooth connected algebraic G- varieties. Let us denote by tt^ : Xi x X2 x — ^ 
Xi X Xj the projection along the factor not named. If Xi,X2,X^ are proper, there is a map 

(2.12) * : H^{XiX X2)®H^{X2X X:i) ^ H^{XiX X^), a ® p ^ TTi:i^,{'Kl^{a) ■ n*^{l3)) . 

li Xx = X2 = X^ = X then the map ★ equips H'^{XxX) with the structure of an associative Rq- 
algebra. 1{X\ = X2 = X and X3 = • then we obtain an action of the iic-algebra H'^{X x X) on 

the i?G'-niodule H'^{X). If Xi, X2, X3 are not proper but there is a smooth closed G-subvariety 
Z C Xi X X2 such that the projection Z ^ Xi is proper then any element z S H'^{Z) defines 
an i?G-linear operator 

(2.13) H^{X2)^H^{Xx), z-ka = 'Ku{z-n*2{a)). 

If the projection Z — >■ Xi is not proper but i : Z'^ ^ Z la the inclusion of a smooth closed 
G-subvariety such that tti o i is proper, then any element z'^ e H'^{Z'^) defines an i?G-linear 
operator 

(2.14) H^{X2) ^ H^{Xi), aM-0^*a = 7rJ,(0'=-7r2'*(a)), < = 7raoi, 
and the projection formula implies that z'^-ka = i*{z'^) ★ a. 



24 



O. SCHIFFMANN, E. VASSEROT 



Remark 2.2. The i?G-niodules ff'^(Xi), H'^{X2) are graded by the homological and cohomolog- 
ical degrees, for which H^{Xa) has the degree i and 2dimXa — i respectively. Let deg denote the 

homological degree and cdeg the cohomological degree. Then, if z £ Hf^{Z) then the convolution 
by z is an homogeneous operator for the (co-) homological degrees, and we have 

(2.15) deg(z ★ •) = z — 2dimX2, cdeg(2; * •) — 2dimXi — i. 



2.3. The Hilbert scheme. Let Hilb„ denote the Hilbert scheme parametrizing length n sub- 
schemes of C'^. By Fogarty's theorem it is a smooth irreducible variety of dimension 2n. By 
associating to a closed point of Hilb„ its ideal sheaf we obtain a bijection (at the level of points) 

Hilb„(C) = {/ C C[X, Y] ; I is an ideal of codimension n}. 

Let us denote by 5 = C[X, y] the ring of regular functions on C^. The tangent space T/Hilb„ 
at a closed point I G Hilb„(C) is canonically isomorphic to the vector space Hom5(7, S/I). 



2.4. The torus action on Hilb„. Consider the torus T = (C^)^. The torus T acts on 
via {zi,Z2) • {u,v) = {ziu,Z2v). There is an induced action on S given by {zi,Z2) ■ P{X,Y) = 
P{zi^X, Z2^Y) and one on Hilb„ such that 

(2.16) {zi,Z2) ■ I = {P{z^'X,Z2'Y) ■ P{X,Y) G 7}, V7 G Hilb„(C). 

This action has a finite number of isolated fixed points, indexed by the set of partitions of the 
integer n. To such a partition A h n corresponds the fixed point 7;^ where 

(2.17) 7a = 0CX^('')y^('). 

When 7 = 7a is a T-fixcd point, there is an induced T-action on T/Hilb„. In order to describe 
this action, we fix a few notations concerning T. Consider the characters q, t as in Example 
2.1. For V a T-module let \V\ be its class in the Grothendieck group of T. We abbreviate 
Ta = [T7,Hilb„]. It is given by 

(2.18) Ta = ^(i'(^)g-"(^)-i + r^^'^-^"^'^). 
We set euA = evi{T^). 



2.5. The Hecke correspondence IIilb„.„+i. Let fc ^ 0. The nested Hilbert scheme Hilb„.„-|_fc 
is the reduced closed subscheme of Hilb„ x Hilb„+fe parametrizing pairs of ideals (7, J) where 
J C 7. One defines the nested Hilbert scheme Hilb„+fe,„ in a similar fashion. Of course Hilb„,„ 

is simply the diagonal of Hilb„ x Hilb„. The schemes Hilb„,„+fe arc smooth if fc = or A; = 1, 
see [12]. The tangent space at a point (7, J) £ Hilb„^„+fc is the kernel of the obvious map 

(2.19) V : Homs(7, S/I) © Homs(J, S/J) Homs( J, 5/7). 

When k = 1 the map tp is surjective. The diagonal T-action on Hilb„ x Hilb„+fc preserves 
Hilb„, 

n+k- The fixed points contained in Hilb^^n-i-fe are those pairs 7^ a — (7;i,7A) for which 
H C X. The character of the fiber at 7^_a of the normal bundle to Hilb„,„+i in Hilb„ x Hilb„+i 

is 

(2.20) ^/'.A = ^(t'^Wg-"-W-i 

Of course, similar formulas hold for the nested Hilbert scheme Hilb„+i,„. 
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2.6. The tautological bundles. Let 0„ C Hilb„ x be the universal family and let p : 
Hilb„ X — > Hilbn be the projection. The tautological bundle of Hilb„ is the locally free sheaf 
T„ = p*(C'e„)- The fiber of t„ at a point / G Hilb„(C) is S/I. The character of the T-action on 

its fiber at the fixed point I\ is 

(2.21) TA = ^t^(")g"^W. 

sGA 

Next, let TTi, 7r2 be the projections of Hilb„ x Hilb„4-i to Hilb„ and Hilb„+i respectively. Over 
Hilb„,n+i there is a surjective map 7r2(T„+i) — >■ 7ri(T„). Over the point {I, J) it specializes to 
the map S/J S/I. The kernel sheaf is a line bundle, which we call the tautological bundle of 
Hilb„_„+i and which we denote by r„,„+i. Over a T- fixed point /^,a its character is 

(2.22) r^,A = 

where s = X\ji is the uniqiic box of A not contained in /i. Finally, kit tti , tt-z he the projections 
of Hilb„ X Hilb„ to Hilb„. Over Hilb„_„ we have the vector bundle t„_„ = 7r2(T„) = tt^ (t„). We 
call it the tautological bundle of Hilb„^„. Over a T-fixed point /a,a its character is ta,a = "^a- 



2.7. The algebra E^^ and the E^^-module RecaU that 

(2.23) Rt = C[x, y], x = dq, y = dt. 
Consider the fraction field 

(2.24) Kt = Prac(i?T) = C{x, y). 
If no confusion is possible we abbreviate 

(2.25) R = Rt, K = Kt. 

The direct image by the inclusion Hilb^ C Hilb„ yields a canonical isomorphism 

(2.26) if [7a] = 7?^(Hilb„) 0fl K. 

X\-n 

Similarly, there is an isomorphism 

(2.27) K[hJ = H^imihn X Hilb„) ®fl K, h,^ = {h, I^). 

Xi-n 

So, we may define a JC-algebra structure on 

(2.28) = [] H^{mihn+k X Hilb„) ®fl K, 

fcez n 

together with an action on the /T- vector space 

(2.29) = 0Li^i = 0iJ^(Hilb„) <^nK. 

n n 

In (2.28), the product ranges over all values of n ^ such that n + k^ 0. The integer k provides 
a Z-grading on and the N-grading on L^' turns it into a faithful graded E^'-module. 
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2.8. The algebra U^''. Let i : Hilb„_|_i.„ — > Hilb„+i x Hilb„ be the closed embedding. For 
notational convenience, the pushforward Ci(r„_|_i „) of the Chern class of the line bundle t„_|_i^„ 
on Hilb„_|_i „ will simply be denoted by Ci(t„_|_i „). Wc will use similar notation for the tauto- 
logical bundles r„ „+i on Hilb„^„-|_i and t„_„ on Hilb„_„. For / ^ we consider the following 
elements in E^' 

(2.30) = Yl_ Ci('r„+i,„)', = Yi '^l(Tn,«+l)^ eo,i = ]^ Ci(r„,„). 

n^O n^O n^O 

We used the convention that co(r„^„) = n[Hilb„^„]. Let U^^ be the JC-subalgebra of E^^ 
generated by 

{f-i,i,eo,i,fi,i ; 1^0}. 

Observe that since the eo,i's are supported on the diagonal of the Hilbert scheme, their convo- 
lution product is given by the cup product in the equivariant cohomology groups of the Hilbert 
scheme. Therefore, the subalgebra of U^' generated by {cq,; ; Z > 0} is commutative. Let us 
introduce another set of elements {/o,; ; I ^ 0} defined through the following formula 

(2.31) ^/o,is'-i = -a«log(e(s)), e(s) = l + ^(-l)'=eo,fcS^ /o,o = eo.o- 

Under restriction, the canonical representation of E^^ on L^^ yields a faithful representation of 
U^^ on L^^ . We call it the canonical representation of U^^ on L^^ . 

Remark 2.3. Given a splitting into a sum of line bundles r„,„ = 0i © • • • © we get 

fo,l = '[lpi{fl,---,fn), fi = Cl{<j)i), 1^0. 



2.9. Prom U^^ to SH^\ Consider the inclusion 

(2.32) F^K, k; h-)- -y/x. 

Let SH^^ be the specialization of SH'^igjii' at c = (1, 0, . . .). It can be viewed as a specialization 
of the i^i-algebra SH^^ at ei = 0. We set 

(2.33) ho,i+i = x-^fo,i, /ii,; = x^'^yfi^i, = a;"'/-!,;, I > 0. 

We can now state our first result, compare [39, thm. 3.1]. The proof is given in Section 5. 

Theorem 2.4. There is a K-algebra isomorphism ^ : SH^^ — >■ U^^ such that h^ for 

We identify L^^ with by the JT-linear map 

(2.34) Ak^L^\ Jx^ih]. 

Via ^, the representation of U^^ on L^^ gives a faithful representation p^^^ of SH^^ on Ak- 

Proposition 2.5. We have 

(a) p-^\b^i) = multiplication by pi and p'^^^bi) = iKT^dp^ for I ^ 1, 

(b) p(i)(^o,i) = Y:^X^^x, and p(i)(^o,2) = 

Proof. The representation p^^^ extends the representation p"*" in Proposition 1.20, see the proof 
of Proposition 5.1 for details. Thus, for l > 1, the operators p^^)(6_i), p^^^(r>o,i) and p^^^(£>o,2) 
are as in the proposition above by Remark 1.23. Next, wc have '^^\hi) -1 = and the map 

(2.35) K[b-i ; Z > 1] ^- Ak, u^'^^\u)-l 
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is an isomorphism. Further, by Proposition 1.40 the elements bi, I G J., generate a Heisenberg 
algebra of central charge k~^. This forces '^^\bi) to be given by the formula above. □ 

The representation p^^^ extends both the representation p+ of SH+ in Proposition 1.20 and 

(1) 

the standard Fock space of the Heisenberg algebra. We'll call it the Fock space of SH^ . 



3. EQUIVARIANT COHOMOLOGY of the moduli SPACE OF TORSION FREE SHEAVES 

The Hilbert scheme of is isomorphic to the moduli space of framed torsion free rank one 
coherent sheaves on P^. We now generalize the considerations above to higher ranks. 

3.1. The moduli space of torsion free sheaves. Fix integers r > 0, n ^ 0. Let Mr,n be the 
moduli space of framed torsion-free sheaves on with rank r and second Chern class n. More 
precisely, C-points of Mr,„ are isomorphism classes of pairs {£, where £ is a torsion-free sheaf 
which is locally free in a neighborhood of £oo and ^ : £\/i^ — > OJ' is a framing at infinity. Here 
^oo = {[a; : y : 0] € P^} is the line at infinity. Recall that Mr.n is a smooth variety of dimension 
2rn which admits the following alternative description. Let E he a n-dimensional vector space. 
We have Mr,n = M^ j^/GLe where M^^ = ^r,E Mr,E, with 

= {(^5 ^! ^) S ^r,E {a, b, ip, v) is stable}, 

(3.1) Mr^E = {{a, b, if, v) e Nr,E ][a,b]+voip = 0}, 

Nr,E = fli X Ilom{E,C'') X Hom(C'',£;). 

The Gi_E-action is given by g{a, b, ip, v) = {gag~^ , gbg~^ , ipg~^,gv). The tuple (a, b, (p, v) is stable 
iff there is no proper subspace Ei C. E which is preserved by a, b and contains u(C'"). From now 
on we may abbreviate G = GLe and Q = qe- 

3.2. The torus action on M^^n- Put D = (C^)'' and T = (C^)^. We abbreviate D = DxT. 
Set also X = Ci{q), y — Ci{t) and = Ci{Xa) for a G [l,r]. Wc have 

(3.2) Rr = RQ=C[x,y,ei,...,er], Kr = Kg = C{x,y,ei, . . . ,er). 
The characters q = Xx, t = Xy and Xa = Xea of D are given by 

(3.3) q{h,zi,Z2) = z^'^, t{h,zi,Z2) = z^'^, Xaih,zi,Z2) = h~'^, h = {hi,h2, ■ ■ -hr). 
Wc set also v = {qt)~^. We equip the variety Nr,E with the £)-action given by 

(3.4) {h,zi,Z2) ■ {a,b,<p,v) = {zia, Z2b, ziZ2hip,vh~'^). 

This action has a finite number of isolated fixed points which are indexed by the set of r- 
partitions of n. To the r-partition A corresponds a fixed point Ix such that the character Tx of 
the Z)-module Ti^Mr,n is given by [36, thm. 2.11] 

r r 

(3.5) Tx=Y. E E E X^^b"'*"'^'"'^'^"'^"^'''^''- 
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3.3. The Hecke correspondence Mr,n,n+i- Now, we assume that d\ni{E) = n+1. The Hecke 
correspondence is the geometric quotient Mr,n,n+i = Z^^/G, where Z^^ is the variety of all 
tuples {a,b,(p,v,Ei) where {a,b,(fi,v) G ^ and Ei c Ker is a line preserved by a,b. We 
define also 

(3.6) M,%,„+i - {{a, b, ^, V, E,) G Z^^^ ; = b\E, = 0}/G. 
Write E2 = E / El and consider the induced linear maps 

(3.7) v = Trov, a,beQE2, 1^ G Hom(£^2, C"). 

Let TTi, TT2 be the projections of Mr^n x Afr,n+i to M^^n, Mr,n+i- The following is well-known. 

Proposition 3.1. (a) The variety Z^ ^ is a G-torsor over Mr.n,n+i- 

(b) The variety Mr^n,n+i is a smooth variety of dimension 2rn + r + 1. 

(c) The closed subvariety ^ is also smooth. 

(d) The m,ap {a,b,ip,v) 1— >■ {a,b,(p,v), {a,b,ip,v) is a closed immersion Mr_n,n+i C Mr^n x 
Mr^n+i- The restriction 0/112 to Mr.n,n+i is proper. The restriction o/tti to M^„„^]^ is proper. 

The pair I^^x = [I^,Ix) belongs to Mr^n,n+i if and only if /z C A and the r-partitions /U, A 
have weight n, n + 1 respectively. Let N^^x be the character of the fiber at 7^,^ of the normal 
bundle (in Mr,„ x Mr,„+i) of Mr,„,„+i. We set also Nx^^ = N^^x- Finally, we define 

(3.8) euA = eu{Tx), eux,^ = eux eu^ . 



3.4. The tautological bundles. The tautological bundle of Mr,„ is the i^-equivariant bundle 
r„ = M*^ XgE. The character of the D-module Tn\i^ is given by [36, thm. 2.11], [45, Lemma 6] 

(3.9) r, = ^ ^ Xa'i^^^)?"^'^- 

The characters Tx and tx are related by the following equation 

(3.10) Tx = -(1 - q-^){l - t-^)Tx ^t;^+tx®W* + vt;^ O W, 

where W = Xi^ -\ H X^^ is the tautological representation of D. For c A we have also 

iV/x,A = -(1 - 9"^)(1 - t-^)T^, ^tI+t^,^W* +VT*x^W -V, 

(3.11) N,,x-Yl E XaX,-V.<^>(^),-«.(»)W-^+E J2 XaX,-^i-'^"<^^-^9V^'^«)-«. 

<^tb sGjuf") a,b seAC") 

Over Mr_n,n+i there is a surjcctive map 7r2(T„+i) — ;> 7r^(T„). The kernel sheaf is a line bundle 
called the tautological bundle of Mr,n,n+i which we denote by r„,n+i. Over I^^x its character is 

(3.12) W = Xa MCA. 

Here s = X'-^'^Xp,'-"^ is the unique box of A not contained in fi. We define the Hecke correspondence 
Mr n+i,ra and the tautological bundle Tn+i^n over it in the obvious way, so that we get tx^ij, — Th,x- 



3.5. The algebra E^' and the E^'-module L^''. Consider the graded i?r-niodules 



LM=i?^(M,,„), lM = 0l1, 

n>0 



(3.13) 

^'n' = 11 H^{Mr,n+k X Mr,k), E^''^ = ^ ] 
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where the product ranges over all integers fc ^ with n + fc ^ 0. They are known to be torsion 
free. We abbreviate 

H^{Mr,n X Mr,m)K = {Mr,n X Mr,m) ®Rr Kr, 

K'^-^^J k nez 

The variety M^^n is not proper but it has a finite number of fixed points by the i)-action. The 
direct image by the obvious inclusion — > Mr,n provides us with canonical isomorphisms 

(3.15) L^^ = @Kr[h], = T{®KSxA 

A k \. /i 

where A, /i run over the set of r-partitions of n + A;, k respectively. This allows us to define, by 
convolution, an associative multiplication on E^' and an action of E^' on L^'' . 



3.6. The algebras U]^ and SH]^ . Consider the inclusion F <Z K in. (2.32). For I > we 
define the following elements in E]^"^ 

(3.16) -^1'' ^ n Ci(t„+i,„)', = Ci(t„,„+i)', eo,i = Ci(T„,„). 

n^O n^O n^O 

We define also the element /o,; through the relations (2.31). We abbreviate 

(3.17) ho,i+i=x-'h^u hi,i = x^-'yh,i, h^^^i = {-If-^x-' f-^. 
Prom (3.9) and the formulas above we get the following identity, compare (C.6), 

(3.18) h,i{[h]) = Y, E Ca(s)'[/A], Ca{s) = x{s)x + y{s)y-ea. 

Recall the field K^. = K{ei, . . . , Sr) from Definition 1.35. We fix 

(3.19) ea = ea/x, ae[l,r]. 
We consider the i^^-subalgebras of 'E^p given by 



is generated by {/-i,;, eo,;, /i,; ; / > 0}, 

• U^^'+ by {eo,;,/ij ; I > 0} and U^^'" by {f-u,eo,i ; / > 0}, 

• U^)'< by ;l^0} and U^^'> by {/i,; ; Z > 0}, 

• U^^'° by {/o, ; ? ^ 0}, 

The following is proved in Section 6. 



Theorem 3.2. The assignment i— >■ /ix for x G <^ extends to a Kr-algebra isomorphism 

'k > 



The map ^ in Theorem 3.2 gives a representation 

(3.20) p^"-^ : SH^^) ^ End(L(j)). 

This representation is faithful by Proposition 6.7. 

Remark 3.3. We have p(^)(Do,2) = a;~^/o,i. Therefore, comparing Proposition 2.5 with (3.18) 
we get the following formula p(^^(Z)o,2) + £iP^^\Do^\) = 
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Remark 3.4. Since L*^''^ is torsion free as a i?i.-module, we can view it as a i?r-submodule of 
L|^\ Since the projection tti : Mr,„+i,„ — >■ Mr,„+i is proper, we have fi^i^L^^^) c L^''^. Since 

XyCi{Tn,n+l) G Im (M^% „+i) ^ {Mr,n,n+l)} , 

we have also xy f-i^CL^^^) C L^''^. Finally, we have /o,j(L('')) c L^''^ Therefore, the operators 

(3.21) pM(a;'-it/-iDi,;), p^^^{x'+'yD_^,i), (a;'Z)o,;+i), / > 0, 
preserve the lattice L^'"^ More generally, using (1.78), we get that the operators 

(3.22) a;'^-iy-V'-)(A,<i), x''-'+^Vp^''\D_i,d), l>0 
preserve also the lattice L^'"^ 

Remark 3.5. The i?r-niodule L^'"^ is bi-graded : it is first graded by the C2, for which the degree 
n piece is L^'^^;^, and then by the (co-)homological degree, for which Hp{Mr,„) has the degree 
4rn — 2i or 2i respectively. The operator p^^\Dy^) is homogeneous for the (co-)homological 
degrees. For x e ^ with x = (e, rf) we have 

(3.23) cdeg(p«(£»x)) =2e(r + l). 

More generally, using (1.78), the formula (3.23) is again true for any e G Z. 



3.7. The pairing on . The cup product equips the .fC^'Vector space L^^ with a ii'^'bilinear 
form (•, •) such that for each r-partitions A, ji we have 

(3.24) {[hUI^\)=5x,^eux. 

(r) 

Let /* denote the adjoint of a Kr-liaeav operator / on L)^' with respect to this pairing. Using 
this anti-involution, we can prove the following. 

Proposition 3.6. The assignment hij i->- and /iq.j '-^ ^o,; for I ^ extends to an algebra 
anti-involution U^^'"*" — )• U^^'~ which takes U^''^ onto U^^'*". 

Proof. By (7.86), for any r-partitions A, tt such that A C tt and |A| = |7r| — 1, we have 

(3.25) /i,/[/a]) = ci {rx,J eu(7V;, J = (/_!,;[/.], [h]). 
Thus, we get the following 

(3.26) A* , = f-i,i, hlj = i-iy-'xy h.i,i. 
Clearly, we have also 

(3.27) = ho,i. 

The proposition follows. □ 

Proposition 3.7. For {l,d) G we have pW(A,d)* = (-l)('^-^)'a;'yV^'^H^-i,<i)- 

Proof For {l,d) G <f this is (3.26), (3.27). The claim follows by applying (1.77), (1.78). □ 

Remark 3.8. The cup-product in cohomology gives a A'-bilincar form (•, •) on L^'' such that 

(3.28) ([^a], [/md = ^A,^(-i)"' n (^«(^) - + (^(«(^) + 1) - 

Under the map (2.34) this pairing is taken to 0„^o(~2/^)"(*' •)!/«' where (•, is Macdonald 
inner product [30, chap. VI, sec. 10]. 
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(r) > (r) 

3.8. Wilson operators on V and L]^ . The product of the i^^-algebra homomorphisms 

(3.29) R^^H^{Mr,„), 6;^"^ ^c;(t„), n^O 
gives a i?r-algebra homomorphism 

(3.30) Ar^ ^l[Hg{Mr,n), P ^ p{t) = (p(r„)). 

n 

Composing it with the cup product, we get a A/f^-module structure • on L^-* which preserves 
the direct summand ^ for each n. The A^,_-action on factors through a A„^Xr-action 

via the map 7r„. We define an action of Ak^ on End(L^'') by setting 

(3.31) pi»u=[pi{t),u], ueEnd(L^'), 1^1. 

This action preserves each graded component of End(L^''). Note that the i^r-subalgebra U^"*'^ 
of End(L^') carries an induced N-grading, with fi^i being of degree one for all I. 

Example 3.9. The restriction of the Wilson operator pi to L^'^^ is the cup product with 

(3.32) pi{Tn) =j)i(ci(pi),...,ci(p„)), 

if T„ = pi + ■ • ■ + /?„ is a sum of invertible i^-equivariant bundles. Thus pi • fi^k is represented 

by the correspondence 

Ci(t„,„+i)''(pj(t„+i) -pi{Tn)) = Y\_ Cl{Tn,n+l fpi{Tn,n+l) = Ci(r„,„+i)'+'' 

from which we get 

(3.33) pi • /i,fe = fi,i+k. 

For r- partitions A, ^ with /j. C X and for any p E A k,. we write also 

(3.34) T^,A = TA-r^, p{T^,,x) =p{ci{pi),...,ci{pn)), 
if Tn,\ = Pi + h Pn is a sum of i'-characters. 

The following lemma is left to the reader. 

Lemma 3.10. (a) The action of Ak^ on End(L^^) preserves U^^'^, 

(b) the action of Ak^ on the degree n part o/U^'* factors through An^K^i 

(c) for a e A^^, u,u' G U^'''^ and v G L^-* we have 

a • u{v) = ^^(ai • u){a2 'v), a • uu' = ^^(ai • w)(a2 • w'), 

(d) the Kr-algebra isomorphism ^ : SH^^'^ — >■ U^^'^ intertwines the Aj^^-actions. 

For an element u G U^^'^ and for r-partitions A, let (A ; w ; ii) be the coefficient of [Ix] in 
u([7^]). This coefficient is zero unless fi C X. For p e Ak^ we have 

(3.35) {X; p»u; fi) = p(t^,a)(A ; u; p). 

We will say an element p G Frac(A„_Xr) is regular if it is regular at t^^\ for any X,^ with 
|A\^| = n. If p is regular then its action on U^^'^ is well-defined. Indeed, it is well-defined on 
any operator 7 G End(L^') satisfying 

(A ; 7 ; /i) 7^ ^ C A. 

We now provide an explicit description of the action of some element of U^^'^ on L^^ in 
terms of Wilson operators. For this we define a surjective Kr-^neax map 

(3.36) ^U^^'>, A' ■■■z^r^ ^ fiM---hu 
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and a twisted symmetrization map 

„_^ { Kr[zi, . . . ,Zn] Kr{zi, . . . ,Zn)^" =FTac{An,Kj 

^' ' ' \p(zi,...,0„) ^SYM„(5(zi,...,z„)P(zi,...,z„)) 

where SYM„ is the standard symmetrization map 

(3.38) SYM„: Kr[zi, . . . , Zn] ^ Kr[zi, . . . , Znf" , P^^(J-P, 

(J 

and where 

(3.39) g{zr,...,zr,) = ]lg{zi-zj), g{z) = 

z\z + X + y) 

(r) 

For n > 1 consider the element 7„ in ^ given by 

(3.40) ln=l[a^,xeu-'[Ixi,], 

tJ.CX 

(3.41) a^,x = eu ((1 - q){l - t){T;^x ® ta) - r^^ - ny-'), 

where the product ranges over all r-partitions A, /U such that /U C A, |A| = + n. This element 
gives rise to an operator of degree n in End(L^^). Let 7„ denote also this operator. It does 
not belong to U^^'^ unless n = 1 (then it is the product of the fundamental classes of the 
correspondences Mr,fc,fe+i for fc ^ 0). 



Lemma 3.11. For P € Kr[z\, . . . ,Zn] the element Wn{P) is regular and i(P) = ti7„(P) • 7„ in 
End(L«). 

Proof. See Appendix D.3. □ 



Proposition 3.12. The action of An,Kr on the degree n part o/U^^'^ is torsion free. 
Proof. By Lemma 3.11, it is enough to show that the map 

(3.42) A„,K. End(L^^), p ^ p • 7n 

is injective. Now, an element p £ An^K^ annihilates 7„ if and only if 

(3.43) nCX, |AV| = n, a^^x ^0 p(t^,a) = 0. 

We claim that in fact a^^A for ^^^^y P^ir satisfying /z C A and \X\id\ = n. This indeed 
implies that any p which annihilates 7„ must be zero because the collection of possible values 
of (ci(pi), . . . , ci(p„)) is Zariski dense in JsT". To prove the claim we must check that the trivial 
representation does not appear in 

(3.44) (1 - g)(l - t){T;^^ ta) - t;^x ® W. 
Recall that 

(3.45) W = E E Xa't^'-'^Q''^'^. 

a=l g^X(.a)\fj_(a) 

The multiplicity of the trivial representation in (3.44) is a sum of contributions from each box 
s G A\yU. It is easy to check using (3.45) that this contribution is precisely zero for each box. 
We are done. □ 
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4. EQUIVARIANT COHOMOLOGY of the commuting VARIETY 

In this section we introduce an algebra SC in the equivariant cohomology of the commuting 
variety. Then we provide a description of SC in terms of shuffle algebras. In Section 6 we will 
construct an action of SC on L^*") and we'll compare SC with SH>. 



4.1. Correspondences in equivariant Borel-Moore homology. Let G be a complex linear 
algebraic group. Let P C G a parabolic subgroup and M c P a Levi subgroup. Fix a M- variety 

Y. The group P acts on Y through the obvious group homomorphism P — ^ M. Let X = G XpY 
be the induced G-variety. Now assume that Y is smooth. For any smooth subvariety O C Y 
let TqY be the conormal bundle to O. It is well-known that the induced M-action on T*Y is 
Hamiltonian and that the zero set of the moment map is the closed M-subvariety 

t;,y = \Jt^y, 

o 

where O runs over the set of M-orbits. Further we have [39] 

(4.1) T*X = T^{G xY)/P, T^X = G XpTliY. 
So the induction yields a canonical isomorphism 

(4.2) ij^(r^y) = h^{TgX). 

We'll call fibration a smooth morphism which is locally trivial in the analytic topology. Let X' 
be a smooth G-variety and F be a smooth M-variety. Fix M-equivariant homomorphisms 

(4.3) Y V — ^ X' 

with p a fibration and q a closed embedding. Set W = G XpV and consider the following maps 

X ^J— W X' , 

(4-4) f : {g,v) mod P {g,p{v)) mod P, 

9 ■■ {9,v) mod P ^ gq{v). 

Note that V , W, X, X' are smooth. Further, the map / is a G-cquivariant fibration, the map 
3 is a G-equivariant proper morphism, and the map f x g is a. closed embedding W C X x X' . 
See [39] for details. We'll identify W with its image in X x X'. The G-variety 

(4.5) Z = TjV(X X X') 

is again smooth and the obvious projections yield G-equivariant maps 

(4.6) T*X Z T*X' . 
We define the G-variety 

(4.7) Zg = Z^{T*cXxT^X'). 
The following is immediate. 

Lemma 4.1. (a) The map ip is proper, the varieties T*X, Z and T*X' are smooth, 
(b) We have (j)-'^{T^X) = Zq and V(^g) C T^X'. 

We'll abbreviate 0g = ^l^^ and ipG = i^lzo- We have the following diagram of singular varieties 

(4.8) T^X Zg T^X' . 
Since the map Vg is proper the direct image yields maps 

(4.9) ^G,* : H'^iZG) ^ H^inX'). 
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Since Z, T*X are smooth and 4> ^{TqX) = Zq, the pull-back by </) yields a map 

(4.10) ct>*G-H^{T*GX)^H'^{ZG). 
Composing ipc,* and t/)^ we get a map 

(4.11) Vg,* o <t>h ■■ H^iT^X) ^ H^iT^X'). 
By (4.1) the induction yields also an isomorphism 

(4.12) if^(TXfF) = H^{T^X). 
Composing it by ipa,* ° obtain a map 

(4.13) H^{TmY) H°{TgX'). 

4.2. The commuting variety. We'll apply the general construction above to the commuting 
variety. First, we fix some notation. Let E he & finite dimensional C-vector space. Write 

(4.14) qe = End(£), Ce = {{a, 6) e fl^ x fl^ ; [a, b]=0}. 

We may abbreviate G = GLe, = 0b and C = Cg = Ce- Put G = T x G with T = (C^)^. 
The group G acts on C : the subgroup G acts diagonally by the adjoint action on 0, while T 
acts by (e, /) • (a, b) = (ea, fb). We set = H^{C). Let Kq be the fraction field of Rq. Let 
Yn be the groupoid formed by all n-dimcnsional vector spaces with their isomorphisms and set 
y = 0„>o An isomorphism E ^ E' yields an J?-module isomorphism — C^,. Let C 
be the colimit of the system (C^) where E varies in y. It is a N-graded vector space. The piece 
of degree n is the colimit over the groupoid Yn- 



4.3. The cohomological Hall algebra. Fix a flag of finite dimensional vector spaces 

(4.15) ^Ei ^E ^E2 ^0. 

Set G = GLe, M = GLe^ x GLe^ and P = {g £ G;g{Ei) = Ei}. Let 0, m and p be the 
corresponding Lie algebras. Put Y — m, V = p, and X' = q. The G-action on X' and the 
M-action on Y are the adjoint ones. Put 

(4.16) Cm = (m X m) n C, Cp = (p x p) n Cg, Cm = {{d, a, 6) e p x m x m; rf^ = [a, b]}, 

where p : p ^ m, a is the canonical projection. We apply the general construction in 

Section 4.1 to the diagram (4.3) equal to 

(4.17) nx^^p^^g, 

where q is the obvious inclusion. The P-actions on p x p and on p x m x m are the obvious ones. 
Further we identify 0* = and m* = m via the trace. 

Lemma 4.2. (a) There are isomorphisms of G -varieties 

T*X = GxpCm, Z = Gxp{pxp), T*X' = sxQ. 

(b) For a, 6 e p we have 

(j){{g,a,b) mod P) = {g,[a,b],am-,bm) mod P, ■tlj{{g,a,b) mod P) = {gag~^,gbg~^). 

(c) There are isomorphisms of G -varieties 

TQX = GxpCm, ZG = GxpCp, TqX' = Cq. 

(d) The maps (j), ip, ^g, V'g in the following diagram are the obvious ones 

G Xp Cm G Xp Cp 5" Cg , 

G Xp Cm < G Xp (p x p) > X . 
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We define as in (4.13) a i?-linear map 

(4.18) H^iCr^) ^ H^{C,). 
By the Kunneth formula, it can be viewed as a map 

(4.19) C^^ ®fl C'e, ^ C'e. 
The following is proved as in [39, prop. 7.5]. 

Proposition 4.3. The map (4-19) equips C with the structure of a R-algebra with 1. 

We call the N-graded -R-algebra C the cohomological Hall algebra. Let SC' be the R- 

subalgebra of C generated by C'^. We'll abbreviate SC^ = n SC and G = GL,,. The 
direct image by the obvious inclusion Cg C g x g, which is a proper map, yields a i?g-module 
homomorphism 



(4.20) 



C; ^ i?«(fl X fl). 



We conjecture that (4.20) is an injective map. Since the kernel of (4.20) is the torsion submodule 
0^°"^ of Cjj by the localization theorem, this conjecture is equivalent to the following one. 

Conjecture 4.4. The RQ-module is torsion-free. 

Let C„, SC„ be the image of C'„, SC'„ by (4.20) and set 

(4.21) C = 0C„, SC = 0SC„. 



n>0 



n>0 



We call SC the spherical subalgebra of C. 



Proposition 4.5. The map (4-20) yields surjective R-algebra homomorphisms C ^ C and 
SC ^ SC. 

Proof. For i;^ e 1^ let C^ be the quotient of C^ by its torsion iJg^^-submodule C^''. Given 
Ei,E2,E as in (4.15), we must check that the map (4.19) fits into a commutative square 

(4.22) 

Cei Ce2 ^ ^E- 

Recall that C^ is identified with the image by the obvious map 

(4.23) H^{Cs) ^ H^{0 X g). 

Similarly, since Cm is isomorphic to u x m x m as a M-module, where u is the nilpotent radical 
of p, we can identify C^i <8)ij with the image of the direct image by the obvious inclusion 

(4.24) H^iCm) ^ H^iCm). 

So the proposition follows from the commutativity of the diagram 



(4.25) 



H^iGxpCm) 
H^{GxpCm) 



H^{G xpCp) 



H(^{G xp (p X p)) H^^iQ X 0). 



□ 
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For any commutative ring extension R C L wc abbreviate 
(4.26) C'l = C' (E)rL, SC'l = SC (S)rL, SCl = SC®kL, etc. 



4.4. The shuffle algebra. Fix E E Yn. Let G = GL,, and let £> C G be a maximal torus. 
The Poincare duality and the inverse image by the obvious inclusion {0} — > S x g yield an 
isomorphism H'^{g x q) — Composing it with (4.20) we get a i?g-linear map 

(4.27) 7G:C;^i?g. 
Taking the tensor power over R, we define a i?j^-linear map 

(4.28) 7D = (7cx)^":(Ci)®"^i?5. 
Recall that there are obvious isomorphisms 

(4.29) R^ = R[zi,Z2,...,Zn], i?g = i?[zi,Z2, • • • ,z„]®". 

Let Kjj and be the fraction fields. We have the usual symmetrization operator 

(4.30) SYM„ : Kg Kq. 

Proposition 4.6. We have the commutative diagram 

— ^ -Rg' 

where /Lt„ is the multiplication in C and Un is given by 

l/n{P{zi, Zn)) = SYMn{k{zi,Z2, ■ ■ ■ Zn)P{zi,Z2, ■ ■ ■ Zn)) , 

(4 31^ fc(^) = z-\x + y + z){x - z){y - z), 

k{zi,Z2,...Zn) = Y\_k{Zi -Zj). 

i<j 

Proof. Let d be the Lie algebra of D. Since Co is a vector space, the i?^-module H^{Cr)) is 

spanned by the set 

(4.32) • [Co] ; m e ^^"}, z"" = z^z^ ■ ■ ■ C'', m = (mi,m2, . . .m„) e N". 
Here [Co] is the fundamental class and • is the iig-module structure on H^{Cr)). Note that 

(4.33) 7c(^" • [Co]) = z"". 

Let i? c G be a Borel subgroup containing T. Let b = Lie(B) and let n be its nilpotent radical. 

We have 

(4.34) T(5X = GxbGo, r*X = G xb (n X Go), Go = x 3, Z = G Xb {b xb). 
Let Ind denote the induction 

(4.35) H^{») = H^{»)^H^{Gxb»). 

Consider the elements in H^{TqX) given by 

(4.36) am = Ind(2™ • [Co]), m > 0. 
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For a future use, we consider also the following commutative diagram 



(4.37) 



T*X 



h 



G/B- 



The vertical maps are the obvious inclusions. The multiplication (4.19) gives 

(4.38) i/„(^™) = h*i).(j)*3.{am). 
Now, we compute the right hand side of (4.38). We have 

(4.39) i*(a„) = Ind(2" evi{vxC) ■ [n x C^]) . 
Therefore we have also 

(4.40) <A*i*(am) = Ind(^" eu(t;n*) • [b x b]). 

Tensoring by Kq, the maps i*, i* become invertible by the localization theorem. We have 
z/„(^'") = /i*V,uInd(0'"eu(vn*)eu(g-ib* +i-ib*)-i • [G/B]), 
= /i*/i*7rJnd(0'"eu(un*)eu(g-^b* + f-^b*)-^ • [G/B])., 
= eu(g-ifl* •7rjnd(z'"eu(wn*)eu(g-ib* +i-^b*)-^ • [G/B]), 

= TT Jnd(^"' eu(t;n* + q-^n + t'^n) - [G/B]). 

Thus the integration over the set {G/B)^ yields the formula 
(4.42) vr,{z^) = SYM„(fc(^i, Z2, ...z^) z^). 



(4.41) 



□ 



Now, we equip the i?-module 
(4.43) Sh = 0Sh„, Sh„ = i?[zi,...,0„]^ 



n>0 



with the shuffle multiplication given by 

(4.44) (P-Q)(^;i,...,2„+„) = -|^ SYM„+„ ( J| A:(zi - Zj)P(2:i, . . . , 2„)Q(^;„+i, . . . , 2„+„)). 

The product runs over all %,j with l<i^n<j<n + m. For dim£; = 1 and Z > we 

abbreviate 

(4.45) ei = z'- [Ce\ 

The following direct consequence of Proposition 4.6 is the first main result of this chapter. 

Theorem 4.7. There is a unique R-algebra embedding SC C Sh such that 9i i— ?■ {zxf , where Z\ 
is viewed as an element in Shi. 

We state one useful consequence. 

CoroUciry 4.8. For u e C the assignment 6i J2\=o (l)^'"'^* extends to an algebra automor- 
phism r„ e Aut(SC). Moreover, we have r„ o r„ = t„_|_„ for u,v e C. 
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Proof. Under the embedding SC C Sh the map r„ is the restriction of the automorphism induced 
by the substitution Zi Zi + u. Observe that k{zi, . . . , Zn) is invariant under this substitution. 
□ 



4.5. Wilson operators on C and SC. The canonical RqY, -module structure on gives a 
graded A-algebra structure on C and C, which we will denote by •. 



Lemma 4.9. (a) The action of K on C, C preserves the spherical subalgebras SC', SC. 

(b) The A- action on C^, Cyi factors through Ay^. 

(c) For p e A and u,v £ C (or C) we have p • (uv) = • u){p2 • v). 

Proof. Statement (6) is clear. Observe that pi»9k = Oi+k, hence (c) implies (a). Finally (c) is a 
consequence of the commutativity of the following diagram 



R: 



(4.46) 



GL„ 



Art (glAT Ak — >^ A„K ®K Am,K ■■ 



R 



M 



where M c GLn+m is the standard parabolic with Levi GL^ x GL^, and where the rightmost 
arrow is the restriction map. □ 



5. Proof of Theorem 2.4 

5.1. Part 1 : the positive and negative halves. Our first task is to construct an isomorphism 
U^^'+ SH+ . For this, we will use the canonical representation of U^^'"*" on Lj^\ It is the 
restriction of the canonical representation of U^^' on L^^ considered in Section 2.8. 

Proposition 5.1. (a) The map Dx i-> for x e S'~^ yields an algebra isomorphism : 
SHk^'^ U^^'+ which takes ShJJ^'^ onto U^^'^. 

(b) The map (2.34) intertwines p+ with the canonical representation o/U^^'"'' on L^\ 

Proof. First, we compare the action of _Dx on Aj^ with the action of /ix on L^-*, under the 
isomorphism (2.34). These actions arc described by the formulas (1.32) and (1.36) for Z?xj and 
by the formulas (C.6) and (C.4) for h^- These formulas coincide, because V'a\/i = -^a»,a- Since 
p+ is a faithful representation, see Proposition 1.20, this yields the isomorphism above. □ 



Remark 5.2. By Propositions 1.34 and 3.6, the ii'-algebras SH^^ ' and are isomorphic 

to the opposite ii'-algebras of SH^^ and U^^'"'' respectively. Thus, by Proposition 5.1, the 
assignment i-> /i^ for x G S'~ extends to an algebra isomorphism ^~ : SH^'*' — >■ U^^'~. 



5.2. Part 2 : glueing the positive and negative halves. Wc must prove that the two 

algebra isomorphisms \E'~'", glue together to an algebra homomorphism 

(5.1) vl/:SH^)^U«. 

It suffices to check (1.72). The proof of this relation follows from Appendix D by setting r = 1 
and Ca = there. To finish the proof of Theorem 2.4, it remains to show that the map ^ is 
an isomorphism. Since it is clearly surjective, we only have to check that it is injective. Our 
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argument is based on the existence of triangular decompositions for SH^' and First, let 

us quote the following proposition whose proof is given in Appendix C.2. 



Proposition 5.3. The multiplication gives an isomorphism 



(i),o , 



t(1),< 



U 



(1) 

K ■ 



Let \['< be the restrictions of 

the following commutative diagram 



.(!)■> 



(1),0 



to SH;^ , SH^ and SH 



^(l),< 

K 



SH 



(i),> 

K 



SH 



(i),o 

K 



~(1),< *>(8i*''®*< f,(l),> 



U 



K 



' K 



(5.2) 



SH 



(1) 

K 



■ u 



(1) 

K ■ 



Further, we have the following isomorphisms 
(5.3) 



ShV =K[Doy,l>l\, 



U^)'° = if[/io,/;/>l]. 



We have 



Thus, by Proposition 5.1 and Proposition 5.3, the top arrow and the right one are isomorphisms. 
The left arrow is surjcctivc by Proposition 1.36. Thus the left arrow and the bottom one are 
both isomorphisms. Theorem 2.4 is proved. 



6. Proof of Theorem 3.2 
6.1. Part 1 : the positive and negative halves. Given Ei,E G y with Ei C E, we write 

E2=E/Ei, M = GLe,xGLe„ P = {g G ; g{E^) = Ei] , 
X' =0 X Hom(C^^;), y = m X Hom(C^£;2), ^ = p x Hom(C'', i;). 
Hero p, m are the Lie algebras of P, M. Consider the obvious maps 

(6.2) 'k:E^E2, p:V^Y, q:V^X'. 

For a; e p let Xm be its projection in m, modulo the nilpotent radical u of p. Let X, W, Z, Zq, 
^, ip be as in Section 4.1 and M^^e, N^^e be as in (3.1). Define 

= [QE^f X Nr,E^ = X Iiom{E,Cl x Uom{U,E), 

Mm = Ce, X Mr^E2 = {("- h, tp, v) & ] = [a, b]+vo ip}, 

(6.3) iVp = p^ X Hom(£;2, C) x Hom(C^ £;), 

Mp = iVp n Mr,E = {(a, b,ip,v) e Np] ^ [a, b] + v o ip}, 
Nm = {(c, a, 6, u) e p X ; Cm = [a, 6] + o (^} ~ u X N^. 
We have the following technical lemma [39, lem. 8.2]. 

Lemma 6.1. (a) We have canonical isomorphisms of G -varieties 

T*X = GXpNrn, Z = GXpNp, T*X' = Nr,E, 

T^X = GxpMm, ZG = GxpMp, T^X' = Mr,E. 
(b) The maps (j) : Z ^ T*X and ip : Z ^ T*X' in (4.6) are given, for (a, 6, ip, v) e Np, by 
(j){{g,a,b,(p,v) mod P) = {g,[a,b]-\-v o ip,am-,bm,'p,TT ov) mod P, 
ip{{g,a,b,ip,v) mod P) = {gag~'^,gbg~'^,{ipoTT)g~'^,gv). 
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(c) The inclusion TqX C T*X is induced by the inclusion — > N^, {a, b, (p, v) i— > (0, a, b, ip, v). 
The inclusion Zq C Z is induced by the obvious inclusion Mp c A^p . The inclusion TqX' c T*X' 
is the obvious one. 

Using this lemma, we can now prove the following. 

Proposition 6.2. There is a representation r\' of C on Jj^"^^ such that ri'{6i) = fi^i for I G N. 
Proof. To define 77' we consider the closed embeddings 

(6.4) NpCNr^E, MpCMr,E, {a,b,>fi,v) ^ {a,b,>poTT,v). 
Then, we set 

(6.5) N^^N^^j^nNp, M;=M'^E^Mp, Z'=GxpN;, Z-^ = GxpM;. 

Note that N^, M^, Z", Z^, are open in Np, Mp, Z and Zq. Next, the proper map ij; : Z ^ T*X' 
restricts to a proper map tps : Z" E' because Z^ = Z Ci V'~^(-^r _e)- Finally, we have 

iI)s{Zq) C M^^, because Zq = Zq H Z^. Thus, taking the direct image by Vsi we get the 
commutative diagram 

H^{Z^q)^H^(M^^^) 

(6.6) 

H^{Z^)^^H^{NIe)- 
Now, set = {qe,? x N',^^^, = Ce, x M^^^, N^ = N^r\{px N^) and 

T*X-' = GxpN^, T^X' ^Gxp M^. 

For (a, b, ip, v) E we have {um, bm, ip^ir ov) S N^. Thus the map : Z — >■ T*X restricts to a 
map (j)s:Z' ^ T^X". The varieties Z' and T*X^ are both smooth and we have (pj'^{T^X^) = 
Z^ n Zg = Zq. Hence the pull-back by <j)s gives the commutative diagram 

(6.7) I 

HGij^*X'')^^H^'(Z-''). 

Set ni = dinii<^i, n2 = dimi?2 and n — ni + n2. Since is a GL^jj-torsor over Mr,n2, t>y 

descent we have an isomorphism 

(6.8) LM=if5i...(M,.^j. 

Thus, the induction and the Kunneth formula yield an isomorphism 

(6.9) Ind : C'„^ = H^{Ce, x M^^^,) = H^{T*qX^). 

We have also L^'^' = H^{M^ Thus, composing (6.9) with (6.6) and (6.7), we get a map 
(6-10) C^^^hLW^lM. 

The same argument as in the proof of [39, prop. 7.9] implies that (6.10) defines a i?-linear 

representation of C on L*^*"^. Details are left to the reader. Let 77' denote this representation. 

Now, we compute the image of the element 9i £ C'^ by the map r/'. To do so, we change 
slightly the notation. Assume that Ei € Yi and E e "^+1. Fix a; e L„ and let y be the image 
of ^; (8> a; by the map 

(6.11) C[^nh'^^^h% 
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given in (6.10). We must check that y — Ci(r„+i,„)' • x. By definition of (6.10) we have 

(6.12) y = V«,*</>>d(0,®a;). 

The variety Zq is the set of all pairs {{^a,h,^p,v),El) where {a,b,(p,v) S M^^, a,b G p and 
<p{Ei) = 0. It is a smooth G-torsor over Mr,„+i,„. Hence, by descent we have an isomorphism 

(6.13) H^{Zh) ^ H^{Mr,n+l,n). 

So we have the commutative diagram 
(6.14) 

.n-\-l.n 

where both vertical maps are given by descent. Therefore, it is enough to observe that the 
isomorphism (6.13) takes (j)lliid{6i x) to Ci(t„+i,„)' 712(0:). □ 

Since the representation of U^^ on L^^ is faithful, the map rj' gives a surjective Kr-slgebra 
homomorphism 

(6.15) rj' ■.SC'j.^^'UP'^, r,'{0i) = h,i, Z e N. 
We can now prove the following. 

Theorem 6.3. The map x]' factors to a Kr-algebra isomorphism 

(6.16) rj : SCk, U^^'> 
taking 61 to fu, which commutes with the action of Kk^- 

Proof. First, we claim that ry' commutes with Wilson operators. It is enough to check it on 
generators by Lemma 3.10(c) and Lemma 4.9(c). Example 3.9 gives 

(6.17) il'ij>f0k) = ri'{ei+k) = fi,i+k=Pi»fi,k=Pi»ri'{6k), k ^ 0, 

proving the claim. Next, by Proposition 3.12 the action of An^x^ on U^^'^[n] is torsion free. 
Hence the map rj' factors to a surjective ii'r-algebra homomorphism 

(6.18) V ■■ SCKr ^ U^^'> 

taking 0i to fi^i. It remains to show that 77 is injcctivc. Let x G SCn^K^ ^-iid assume that ri{x) = 0. 
If a; ^ then, by the localization theorem, for any y G SCn,K^ there exists p,p' G An^K^ such 
that p»x = p' •y. But, then, we have 

(6.19) p' • r]{y) = r]{p' • y) = r]{p • x) = p» r]{x) = 0. 

It follows that r]{y) is torsion, hence r]{y) = by Proposition 3.12. This contradicts the surjec- 
tivity of T]. We deduce that a; = 0, i.e., that r] is injective. □ 

Proposition 5.1 and Theorem 6.3 (for r = 1) yield the following. 
Corollary 6.4. There is a K -algebra isomorphism SCk — > SH^, 61 H- x'Di,;. 



Remark 6.5. Proposition 3.6 and Theorem 6.3 give a ii'r-algebra homomorphism 

(6.20) r?°P : (SCkJ°p ^ U^^'<, Oi ^ 
Proposition 1.34 and Corollary 6.4 give a i^-algebra isomorphism 

(6.21) (SCk)°p ^ SH< , 01 ^ x^D_i^i. 
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We define U('')'> and U('')'< to be the images of SC^^, {SCr^)°p by the maps tj and t]°p. We 
have iir-algebra isomorphisms 

(6.22) SCfl, ^ U('')'>, {SCrJ°p U('')'<. 

6.2. Part 2 : glueing the positive and negative halves. Theorem 6.3, Corollary 6.4 and 
Remark 6.5 give Kr-algehva. isomorphisms 

(6.23) ^> :ShP'> ^UP'>, : SH^^'< ^ U^^'< 

such that ^-^{Dij) = hij and ^<(£'_i_;) = /i-i,;. Next, Appendix D gives the following. 

Proposition 6.6. The class [/i-i,fe, /ii,;] is supported on the diagonal of M^^n x Afr.n o,nd it 
coincides, as an element of U^^ , with the operator Ek+i on L^' given by 

l + =exp(^(-l)'+V/(£a)0Ks)) e^p(j2ho,i+iMs))- 

1^0 1^0 1^0 

We can now prove Theorem 3.2. First, note that we have a Xr-algebra homomorphism 

(6.24) *:SH^^^U^\ D^^h^, x e <f . 

Indeed, relation (1.72) follows from Proposition 6.6 and (1.70), (1.71) from Remark 2.3. Thus, 
we are reduced to checking the following proposition, whose proof is given in Section D.2. 

Proposition 6.7. The representation p^^^ is faithful. 



7. The comultiplication 

So far, we have defined an algebra SH*^ and we have constructed a representation p^'^^ of SH*^ 
in L]^ . In order to compare SH*^ with W-algcbras, it is important to equip it with a Hopf 
algebra structure. We do not know how to describe the (topological) coproduct on SH'^ in an 
elementary algebraic way. Our argument uses our previous work [39]. First, we prove that SH*^ 
can be regarded as a degeneration of the elliptic Hall algebras which was studied there. This is 
Theorem 7.7. Next, using this result, we prove that the coproduct of the elliptic Hall algebra 
degenerates and induces a coproduct on SH*^. This is Theorem 7.9. 

7.1. The DAHA. We'll abbreviate A = C[q^^/'^,t^^/% K = C{q^/^,t^/^) and v^^^ = {qt)-^''^. 
Fix an integer n > 1. The double affine Hecke algebra (=DAHA) of GLn is the associative 
IK-algebra IH„ generated by 

(7.1) ^t^i • • • 1 ^n^jY^^, ... , Y^^,Ti, . . . ,T„_i 
subject to the following relations [10, sec. 1.4.3] 

(7.2) TiXiTi = Xi+i, Tr^YiTr^=Yi+i, 

(7.3) TiXj=XjTi, TiYj=YjTi, j^i,i+l, 

(7.4) (T, + iV2)(T,-t-V2) = o, TiTi+iTi = Ti+,TiTi+,, 

(7.5) TiTj=TjTi, jj^i-l,i,i + l, 

(7.6) PXi = Xi+iP, PXn = q-^X,P, P = yfiTi---T„_i, i ^ n, 
Let IH+ be the IK-subalgebra generated by 

(7.7) Xi,...,x„,yf\...,y±\Ti,... 

and let S be the complete idempotent. We set 

(7.8) SIH„ = SH„S, SH+ = SH+S. 
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For X € Zg we define an clement ' of SIH„ as in [38, sec. 2.2]. For Z > 1 we have 
(7.9) 



p^f = SpiiY,,. . . , y„)s, p^% = q'Spi{Y,-\ . . . , y-i)s. 

There is a unique IK-algcbra automorphism [38, sec. 3.1], [10, sec. 3.2.2], 

(7.10) (t:SH„^SH„, Pi")^P^;2), cT{i,j) = {j,-i). 

Let IH„^A be the A-subalgebra of 1H„ generated by (7.1) and set SIH„^a = S[H„_aS. Note that 

(7.11) H„ = H„,A ®A K SIH„ = SIH„,A K 
We have an A-basis of IH„^a given by [10] 

(7.12) {X'^Y^Tu, ; a e Z", ^ e Z", w e 6„}. 
Consider the K-vector spaces 

(7.13) W„=W„,K, V„=V„,K. 

The IK-algebra IH„ is equipped with a faithful representation [38, sect. 4.1] 

(7.14) ^n-.^n^ End(W„) 

called the polynomial representation. The subalgebras SIH„ and SIH+ act faithfully on the sub- 
spaces W®" and A„_iK. For a partition A with at most n parts let Jx{X;q,t~^) be the integral 
form of the Macdonald polynomial Px{X;q,t~^), see [30, chap. VI, (8.3)]. We abbreviate 

(7.15) jl^\q,t-') = Jx{X,,...,Xn;q,t-'). 
This yields the following K-basis of A„_ik 

(7.16) {J^^\q,t-');l{X)^n}. 

Finally, for x e Zg we define new elements 0{u^^) of SIH„ as follows. First, we set 

(7.17) ai = (?' - l)(t' - 1), l^ 1. 
Next, for x = {i,j) and I = gcd(x), we set 

(7.18) Pi") = (g' - 1) ^(4"^) = t^'^""^)/^4"^ - ^i,o(t-''" - l)/aj- 
We have the following formula [39, cor. 1.5] 

(7.19) ^(ng)) • J^^\q,t-') =J2ql^(s)M^) /^\q,t-% I > 1. 

sex 

By [38], [39, sec. 1.3] we have also 
where 

(7.21) sgn{l) = l, sgn{-l - 1) = -1, 1^0. 
To unburden the notation, let SIH„ denote also the smash product 

(7.22) K[uo,o] (EiK SH„, 

where Ug'o ^ formal variable and the commutator with Uq'q is the K-derivation 

(7.23) [u^^luS]=iuS. 

The element Uq^q acts on V„ as the grading operator. We'll set 0{uq^q) = Uq^q. 
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7.2. The degeneration of IH„. Our aim is to construct a degeneration from 1H„ to H„. The 
degenerations of IH„ have been extensively studied, see e.g., [46]. Here we only need a very 
particular one introduced for the first time by Cherednik. We set 

(7.24) J(r = F{{h)), ^ = F[[h]]. 

Wc refer to [27] for a reminder on topological jzZ-modulcs (for the /i-adic topology). Let ® 
denote the topological tensor product of ^-modules. An ^-module is topologically free if it is 
isomorphic to V[[h]] for an F- vector space V. Let F{X) be the free F-algebra on X. For a 
future use, recall that a complete separated jz^-algcbra A is topologically generated by a subset 
X if the obvious continuous map F(X)[[/i]] — >• A is surjective. 
First, consider the algebras embedding A c ^ given by 

(7.25) 9^/^ ^ cxp(/i/2), ^ exp(-K/i/2). 

Let / be the ideal of A given by / = (h) fl A. Let IB„ c IH„ be the A-subalgebra generated by 
IH„^A and the elements (Yi — l)/{q — 1) with i e [l,n]. We set 

(7.26) '^nM = ^(B„//'=B„). 

k 

By (7.12) the A-algebra 1B„ is topologically linearly spanned by the elements of the form X"' f {Y)Tw 
where a e Z", w G 6„, and /(F) € A[Y^\{Y,-q''t^)/{q-l)] for i G [l,n] and A;, / G Z. Consider 
the element t/j in "Hn^^/ given by 

(7.27) yi = J2{-iy-\Yi-iy/lh. 
We have faithful representations, see Section 1.3, 

(7.28) fn'-^n^ End(W„), p„ : H„ ^ End(W„). 
Prom (7.25) we get inclusions 

(7.29) W„ c W„((/i)), End(W„) c End(W„)((/i)). 
We abbreviate 

(7.30) 0{h}) = h}Un,s^, nn = Hn,s^/hHn,s^, / G ^. 



Lemma 7.1. The -module T-Ln.s^ is topologically free. As a topological ^-algebra it is gener- 
ated by the set {Tj,Xf^ ,yi; i G [l,n], j G [l,n)}. We have 

(7.31) X±i G 0{1), Tj G 0(1), Yi = l + 0{h), y, = {Yi - l)/h + 0{h). 
The map yields a continuous embedding ■ 'Hn,sii — >■ End(W„)[[/i]]. 

Proof. The jzZ-modulc Hn^j^ is topologically free because it is separated, complete and torsion 
free. The other statements are easy and are left to the reader. □ 

Finally, we set 

(7.32) nn,jt = HnM 

By base change, the map <^„ yields a continuous embedding 

(7.33) ipn : Hn,j^ ^ End(W„)((/i)). 
The following is standard. The proof is left to the reader. 
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Proposition 7.2. (a) We have TinM = {x & Un,jc: ; ^n{x) e End(W„)[[/i]]}. 
(h) The map (pn factors to an injection (p'^ : Tin End(W„). 

(c) There is a unique F -algebra isomorphism 4>n '■ 'Hn H„ such that 

(jynixf^) = X^l^_-, cf)n{yj) = Vn+i-j - {n - 1)k/2, 0„(ri) = s„_i. 

(d) We have (p'^ = p'n°4>n, where p'^ = woPnWo and wq € Aut(W„) is given by Xi i->- Xn+i-i. 



7.3. The degeneration of SH„. We now turn our attention to the spherical subalgebras. Set 

(7.34) SUn.af = S ■ Tin^s!/ ' S, STLn = SHri^s/ / hST-Ln^s^ ■ 

The map {p'^ factors to an injective map 

(7.35) : SUn ^ End(V„). 
For ? > 1 we consider the following elements 



(7.36) QS=/^^"EC"/)(-1)'=%S-i-.). 

— C—i p(") n(") _ p(") — [n(") n(")l 

'^Ifi ~\ MjO ' '^-(.O ~ ^-i,0' ~ I'^O.i+l' ^l,OJ' 

Proposition 7.3. (a) For I > 1 the elements Q^^iq and Q^^i belong to SHn,^- 

(b) The map (j)n restricts to an F -algebra isomorphism SHn — >■ SH„ such that we have 

Pi% ^ ^?ito <^^d q('}) ^ Z^fJ for 1^1. 

(c) The algebra SHn, si/ is topologically generated by P^ii^ and Q^q'^- 

Proof. We first prove (a). We have ^'^"o SHn, .a/- We consider the inclusions 

(7.37) V„, V„ c V„,^ 

associated with the obvious inclusion F C and with the embedding K C in (7.25). We 
have, by [30, chap. VI, (10.23)], 

(7.38) (1 - t-i)-l^l Jf^(g,t-i) = ^ mod W„,^. 
By (7.19), for l{\) < n, we have 

(7.39) 



seA 

By Proposition 7.2 the .GZ-algebra SHn^s^ is the subalgebra of 

(7.40) Snn,j(r = SUn,a ®a ^ 

which preserves the subspaee V„^^ of V„,j^. It entails that Qq^J e SHn,s!if as wanted. We now 
deal with (6) and (c). Note that 

Therefore the natural map gives an injection SHn Hn- S ince S'hLn,^ — S • H.n,s^ * S, the map 
(j)n in Proposition 7.2 restricts to an injection 

(7.41) : SHn ^ SH„. 

The equality ^„(<9o?/) = ^tj a consequence of (1.32), (7.38) and (7.39). The equality 
(^„(P^"q) = f^/o follows from (1.34) and (7.9). The map in (7.41) is surjective because, by 
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Lemma 1.3, the -F-algebra SH„ is generated by {d'^J^iq, -,1^1}. Claim (c) is a consequence 
of Nakayama's lemma together with the fact that SH„ is generated by fg^i ^^'^ ^±io- ^ 

Let Sy,^ SH^ ^ and5H° ^ be the closed ,.e/-snbalgcbras of 5^,1,^3/ topologically generated 
respectively by the sets {Q^^i ; I ^ 0}, {Q^^l ^ ; / ^ 0} and {Qq"'' ; I ^ 0}. We abbreviate 

{7A2)STLn=STL^^^/hSU^j^, STL^ = SU^^^/hSH^j^, 8%^ = 8%^^^ / h 8%^^^ . 

Using Proposition 7.3, we get the following. 

Corollary 7.4. The map (/)„ gives F-algebra isomorphisms 

such that Q'"]^iq ^ ^'±107 Q±i.i ^ D±i_i and Qq"-* i-> for I ^ 1. 

Proof. Let 8%^^,^ be the closed c^-subalgcbra of 8'Hn,je generated by {Q^"^ ; Z > 0}. We have 

(7.43) 8nl^c8nl^n8nnM, 

and the map 0„ yields an isomorphism 

(7.44) 8n> j^ n 8'HnM/Ksnl^ n 8nnM) ^ sh> . 

Since the induced map 8%^^ — ?■ SHJ^ is surjcctivc, wc deduce that 

(7.45) 8Hl^=8nl^r^8UnM- 
In particular, we have also 

(7.46) 8Ul^ n h8nnM = Snl^ n = h8Hl^. 
This shows the existence of an F-algebra isomorphism 

(7.47) 8n> ^Sli>, Pff^Dg, [Q(:;Vi'^i'."o']^</- 

Since 8%^ ^ is N-graded, there exists an automorphism of 8T-L^^ sending Pj^q^ to Q^j^q- This 
proves the corollary for 8%^ . The other cases are similar. □ 



7.4. The algebra SH*^. Consider the IK-algebra £ in [39, sec 1] associated with the parameters 
(7.48) = ^1/2 = i-i/2_ 

It is generated by elements Mx, Kx with x € Zg, satisfying the relations in [39, sec. 1.1]. For 
gcd(x) = 1 and Z > 1, we set 

^^•^^^ Pu = {q' - 1) w(x, Yl = ( 1^ ai s'). 

Since £ is an extended Hall algebra in Ringel's sense, see e.g., [25, sec. 1.6], it admits a topological 
coproduct A, which is given by the following formula, compare [9, sec. 7], 

A(Kx) = Kx (8) Kx, 

,„ A(uo,i) = uo,; <8) 1 + Ko,i (8) wo,i, Z ^ 0, 

(7-50) 

A(wi,i) = (g) 1 + do,kKi,i-k ® wi,;-fe, Z e Z. 

The expression "topological coproduct" means that A maps into some completion of the tensor 
square of £, see [9, sec. 2] for details. By [9, sec. 5], there is a unique K-algebra automorphism 

(7.51) a : £ ^ £, Kx k<t(x), Wx w^(x)- 
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Compare (7.10). We define a new topological coproduct on E by the formula 

(7.52) ""A = (cr-^ (g)c7-^) o AocT. 

Now, we fix a family of formal parameters with I e Z and we set 

(7.53) r = IK[c;; / e Z][co^], A'^ = A[c; ; Z G Z][co ^]. 

Let £^ be the specialization of £ IK'^ at k\^q = cq and kq,! = 1. Let uo,o be a new formal 
variable, and consider the smash product 

(7.54) SW«= = a<[uo,o] «)»< f ^ 

where the commutator with uo,o is the IK'^-derivation on such that 

(7.55) [uo,o,Uij] = iuij, G Zq. 

The IK'^-algcbra SIH*^ is Z^-graded, with deg(ux) = x and deg(K;x) = 0. We have a topological 
coproduct "^A on SH^ given by the following formulas 

'^A(co) = Co ® Co, 
'^A(cO = S{ci) a 1^0, 

(7.56) "Aim^o) = uifi ® 1 + (co)' ® u,,o, 

'"A(wi,i) = ® 1 + (co)' ® + ^ 6'_fe,o(<co)''+' ® Uk+i,i. 

Let SIH>, SIH'^'° and SIH< be the IK-subalgebras generated respectively by 

(7.57) ; / G Z}, r U {uo,i ; / G Z}, {u-ij ; Z G Z}. 
The following holds. 

Lemma 7.5. (a) The multiplication yields an isomorphism SIH> (g)[K SIH'^'° ®ik SIH< — > SDH*^. 
ft; l^e have SH'^'O = B<'=[uo,; ; « G Z]. 

Proof. Part (a) follows from [39, sec. 1.1], which is proved using the formulas [39, sec. 1.2] 

[wo,i,w±i,fe] = ±sgn{l)u±i^k+h 

(7-58) ^ ^ fs5n(A; + Z)c^«"('=+') if + Z ^ 0, 



js5n(A; + Z)co^"'^''"'"'^6lo,fc+;/Q:i if fc + i 
[(co - Cq )/ai else, 



where sfifn(Z) is as in (7.20). Part (6) is [9, Sec. 4]. 

□ 

Next, we consider the A'^-subalgebra SH^ generated by the elements with x G Z-^. We have 

(7.59) SH'^ = SBH^ (^a- 
Finally, let SH^, SBH^ be the subalgcbras of SIH„ generated by 

(7.60) M:/;«GZ}, {u%;lGZ}. 

By [38, thm. 3.1], [39, sec. 1.4] there is a unique surjective algebra homomorphism 

(7.61) : SIH> SIH>, u^^e{u^^^). 

The map * = n„ is an embedding of SIH> into n„ SIH> by [38, thm. 4.6]. 
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7.5. The degeneration of SIH*^. For x = G Zq and / ^ 1 we define 

"o,o = ""0,0, = + <5j,o<Cj/aj, 

(7.62) Qo.=/.-|:f-')(-i)x._._„ 

Qifi = (-1)'k'P;,o, Q-i,o = P-i,o, 

Qi,i = [Qo,i+i,Qi,o], Q-i,i = — [Qo,/+i, Q-i,o]- 

We have an inclusion of F- algebras A*^ c s^"^, where s/'^ = P'^iifA]' which is given by 

g^/^ !-)■ exp(/i/2), t^/^ h^- exp(-«;/i/2), cq exp(^/ico/2), 
(^•6^) c±, ^ ± 5^(T//i)'=Cfc/fc!, I > 0. 

Consider the ideal / = (/i) n A'^ in A'^. Let B'^ C SIH^ be the A'^-subalgebra generated by 
{Q±i,o, Qo,i ; ? ^ !}• We define an ^'^-algcbra by setting 

(7.64) .SWj;^ =]^(B7/'=B^). 

k 

Let ST-l^ and SH^ be the closed ^"^-subalgebras of ST-L"^ generated by the sets {Qi,i ; Z ^ 0} 
and {Q-i,i ; I ^ 0}. We write 

(7.65) Sn> =Sn>/hSH>, S'H< =SH</hSH<, = SWy / h SWy . 

Proposition 7.6. (a) The -modules S'h/^ and 8%^ are topologically free. 

(h) There are F -algebra isomorphisms cj) : STi,^ — > SH> and (j) '■ ST-L^ — >■ SH< such that we 

have ct>{Q±ifl) = D±ifi and (/)(Q±i,;) = D±ij for I > 1. 

Proof. Part (a) is obvious, because ST-C^ and SH^ are separated, complete and torsion free. 
Now we prove (b). First, consider the map For / ^ we have 6'(u|o^) = by (7.18). 
Thus, by (7.18), (7.36), (7.49), (7.61) and (7.62) we have also 

(7.66) *„(g,,o) = Ql5. 

Next, for / > 1, the formulas (7.49), (7.58), (7.61) and (7.62) give 

(7.67) ^n{Qi,i) = «(1 - q)h-' 

fe=0 

and by (7.18), (7.20) and (7.36) we have also 

(7.68) =«(i-a)/^-'i:(D(-i)'^("S-^)- 

fe=0 

Therefore, by (7.66), (7.68) the map 'J'„ gives rise to a continuous ^-algebra homomorphism 

(7.69) : SU> ^ Snl^, ^n{Qlfi) = Q^'S , ^'n(Qi,;) = 

The map ^ is a closed embedding SH^ — > Yln^^nsi^- Proposition 1.15 and Corollary 7.4, 
composing ^ and fl^ <f)n we get a map 

(7.70) <!>' •SH>^X{ SH>, .^'(Q,,o) = (1?^), cj>'{Q,,i) = [D^j). 

n 

By definition of SH^, there is an embedding of F-algebras 

(7.71) z : SH> ^ nSH>, *(A,o) = (A?). »(^o,;) = (</)• 
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Thus, we have a surjective i^-algcbra homomorphism (f) which is given by 

(7.72) = i-io0' :5H> ^SH>. 

We must prove that it is injective. We consider the partial order on T? given by 

(7.73) (r, d) ^ (r', d') ^ r r' and d ^ d' . 

The Z^-grading on SH*^ yields a filtration on such that the piece <S'H^[^x] consists of the 

elements whose Z^-degree is < x. The ^-module .S'H^f^x] has a finite rank and we have 

x] n /I sn> = h sn> x] , 
C^-^^) SH>[^^]/hsn>[^^] c SH> = [jsH>[^^]/hsn>[^^]. 

X 

We define in an identical fashion. From Corollary 7.4, we get 

(7.75) SnlJ^x]/hSnl^[^^] C SH>. 

Next, given x, for n large enough the map in (7.69) yields an isomorphism 

(7.76) 5W>Kx]^5?^>^Kx]. 
Thus it factors to an isomorphism 

(7.77) Sn>[^^]/hSH>[^^] ^ SHl^[^^]/hsnU^^]. 

Composing (7.77) with (7.75) wc obtain an inclusion, for n large enough, 

(7.78) Sn>[^^]/hSn>[^^] C SH>. 

We conclude that (j)' is injective. Hence (p is also injective. □ 

Let SH^ be the closed ^"^-subalgebra of SH"^ topologically generated by {Qo,i ; ^ ^ !}• By 
Lemma 7.6(6) we have an isomorphism 

(7.79) Sn'^'' = F''[Qo,i+i;l>0][[h]]. 

As above, we abbreviate SH^'" = SU^J" / hSn^J" . We can now prove the following theorem. 

Theorem 7.7. (a) There is an F -algebra isomorphism <f) : SW^ — > SH*^ such that 
(f>{Qo,i) = -Do,;, 0(Q±z,o) = D±ifi, 0(Q±i,O = -D±i,!, I > 1- 
(b) The algebra SH^ is topologically generated by Q-i,o, Qi,o and (5o,2- 

Proof. By Proposition 1.34 the F-algcbra SH° is generated by the elements c;, i3±i,o and Do,2- 
Thus, part (5) follows from (a). Now, we prove (a). We'll identify the ring 

(7.80) K = A<f\t^\xf\---.X^^] 

with the Grothendieck ring of the group D as in (3.3). Let L^-* be the localized Grothendieck 
group of the category of i)-equivariant coherent sheaves on |Jn>o ^r,n- The word localized means 
that the ring of scalars is extended from the ring A^. to the field 

(7.81) J<, = B<(xi,...,x.). 

The set of fixed points {/a} of Mr,„ for the £>-action gives bases in L^^ and Set 

(7.82) J(fr = Kr{{h)), K = Kr[[h]]. 

We have an embedding C J(fr given by the following formulas, compare (7.63), 

(7.83) q = exp(/i), t = exp{-Kh), Xa = exp(£a/i), k = -y/x, = Ca/x. 
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Identifying the bases above, we get inclusions of L^^ — 0^ Kr and L^-* = 0^ IK^ [Ix] into 
the =J^-vector space 

(7.84) £M=0jr.[7A]. 

A 

Now, a representation of £ 0k Kr in L^-* is constructed in [39, sec. 8]. It can be upgraded to 
a representation of SH*^ (8)ik ^ on C^^^ in which uq.o acts as the grading operator. We have 

<Co = u"''/^, c±i = ±p/(xJ^), ?io,±; = sgn{±l) io,±i, 
ui.i = v-\q - lyx^-^iu-r. = (-l)'-Mct(I^) Co i(g - l)-'-.T'--if_i,,, 



(7.85) hAh] = ^LHK. - K) [/.], f-i,;[/A] = <xHK,x " t;) [la], 

ACtt ctCA 



Here I ^ and A is the Koszul complex and det(VF) = (xiX2 • . . Xr) ^- On the other hand, the 
representation p^'"^ is given by the following formulas, see Section 3.6 and Appendix D, 

Cl =Pl{ea), 

fiAh] = E ci(^A,.)' eu(7v,v - t;) m, 

(7.86) ^^'^ 

f.,Ah] = Y ^<Kx - [I.], 

ctCA 

a.s 

The above formulas allow us to compare the action of Q±i^i, Qo,i of -D±i,i, Dq i. Write 

(7.87) 0{h^) = /I'M- [Ix], I G Z. 

A 

Using (7.62), (7.85) and (7.86), we get 

(7.88) Qo,i[Ix] = Do,i[Ix] + 0{h), I > 1. 
Next, for £7 C A C TT such that |A| = |cr| + 1 = |7r| — 1 we have 

(7.89) dim(7VA,^ - T^) = -r - 1, dim(7V<,,A - T,,) = r - 1. 
Therefore, we have the following estimates in 

(7.90) A{Nl^ - t:) EE (x/hy+^ eu{Nl^ ~ t;), A(iV;, - t;) ^ {x/hf-^ eu(iV;, - T^) 
modulo lower terms for the /i-adic topology. Finally, (7.62), (7.85), (7.86) and (7.90) give 

(7.91) Qi,o[/a] = Di,o[Ix] + 0{h), Q-i,o[Ix] = D-i,o[h] + 0{h). 
By (1.70), (1.71) and (7.62) we have 

Di,i = [Do,i+iiDifi], -D-i,/ = -[I?o.i+i, -D-i,o], 

( 7.92 ) 

= [Qo,i+\,Q\,o], Q-i,i = —[Qo,i+i,Q-i,o], 

Thus (7.88) and (7.91) imply that 

(7.93) Qi,;[/a] = D,Ah] + 0{h), Q-i,i[Ix] = D-i,i[h] + 0{h). 

Now, the algebra homomorphism F'^ Kj. in Definition 1.35 yields an algebra homomorphism 
s^'^ s^r- Consider the algebras 

(7.94) SU^^ = SV!"^ K, SH^"-^ = SU^^^/hSU^^\ 
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Note that the composed map A'^ ^/'^ Kr is given by 

(7.95) co = v-^/\ c±i=±piixr)- 

We define 57^('')'>, Sn^''^^< and in the same way, using SU^, Sn^ and S'H°J'. Formulas 

(7.88) and (7.93) imply that the A'^-subalgebra IB'= C SH^ preserves the lattice 0(1). This yields 

a representation of SH^ on which preserves also 0(1) and which factors to a representation 

of SH^'""^ on 0{l)/0{h) = L^''. Since p^'"^ is faithful, this yields also an algebra homomorphism 

(7.96) Sn'^'''^ ^ SH^^ 

(r) 

It is surjective, because SH}^' is generated by the elements I?o,i+i, D-i^i and Di^i with / ^ 0. 
Now, the ^-algebra embeddings of ST-L^, ^^'^ ^^jf i^to STi"^ give obvious maps 

(7.97) 5?/W'>, 5?/M'< Sn^^'l 
Composing them with (7.96) we get Kr-algehra. homomorphisms 

(7.98) 5?^W'> ^ SH(^^'>, 5?^M'< ^ SH(^)'<, ^ SH^^'°, 
which give the commutative square 

(7.99) 

Here m is the multiplication map. 

Now, by Proposition 7.6 there are ii'^-algebra isomorphisms 

(7.100) 5?^W'> ^SH^^'>, 5?^W'< ^ SH^^'<, 0±i,o ^ £'±i,o, Q±i,i^^±i,i. 
Further, by (1.68) and (7.79), we have a ifr-algebra isomorphism 

(7.101) ^ sh(^^'°, Qo,m^^o,m- 

Thus the left vertical map in (7.99) is invertible. The bottom horizontal map is invertible by 
Proposition 1.36. Thus the upper map m is injective. Therefore, to prove that the right map is 

invertible it is enough to check the following. 

Lemma 7.8. The multiplication gives a surjective map 
Proof. It is enough to prove that 

(7.102) [Qo,i, Qi,k] e 51«W'>, [Q_i,,, Qo,k] £ Sn^^^^<, [Q-i,i,Qi,k] e 
The first two relations follow from a simple computation, since (7.58) implies that 

(7.103) [Qo,l,Ql,k\ = Ql,l+k-l, [Q-l,l,Qo,k\ = Q-l,l+k-l- 

For the third one, we must check that [Q-i,i,Qi,k] belongs to SH'^. First, by (7.58) we have 

(7.104) [Q_i,,, Qi,fe] e SH^'J' ®^ jr. 

Next, one can check that [Q-i,i,Qi,k] lies indeed in by looking at its image by p^'^h The 

details are left to the reader. 

□ 

Wc have proved that the assignment Qo.i '-^ Dq^i, Q±ifl i— >■ D±ifi extends to an isomorphism 
of ifr-algebras S'h&'^ = SH^^ for any r. The theorem follows. □ 



52 O. SCHIFFMANN, E. VASSEROT 

7.6. The coproduct of SH'=. The F-algebra carries a Z-grading SH'^ = 0^g2SH'=[s]. 
We consider the topological tensor product SH*^ (g) SH*^ over F defined by 

SH-^ g SH'^ = 0^(0 (SH'=[s - (g) SWlt])^ I j^Ar[s], 

(7.105) 

We can now prove the following. 

Theorem 7.9. (a) The map "A factors to a F-algebra homomorphism A : SH*^ — >■ SH'^(8>SH'^ 
which is uniquely determined by the following formulas 

• A{ci) = Sici) forl^O, 

• A(A,o) = <^(A,o) for I ^ 0, 

• A{Do,i) = (5po,i), 

• A(£>o,2) = S{Do,2) + ^ Ei^i li^^~'D-i,o ® A,o, 

• A(£>i,i) = (5(£>i,i) + ^co £>i,o and A(£)_i,i) = ^C^.i,!) + ^i'-i.o <S> cq. 
fft^ r/ie algebra homomorphism e : SH*^ F in Remark 1.37 is a counit for A. 

For Z G Z we abbreviate = h^SHj^. First, let us quote the following formulas. 

Lemma 7.10. The following hold 

(a) ai = K^Ph^ + 0{h'^), 

(b) 01,0 = aiui^o + 0{h^) = K^\l\h^Pi,o + 0{h^) for I + 0, 

(c) Pi,i = Pi,o + 0{h) for I ^ 0. 

Proof Part (a) follows from (7.49). Note that P;,o G 0{l) by definition oi SW^. Thus, (6) 
follows from (7.49), which gives the following formulas for Z > 1 

(7.106) P±;,o = («' - 1) w±i,o, ^6i;,os' =exp(^a^^t^,osO• 
Finally, for I > 1, using (7.51), (7.58) we get 

(7.107) U±;,i = ±[uo,i, w±i,o]- 
From (7.62) we get also 

(7.108) uo,i = (g - l)(3o,2 + wo,o - ci/(9 - l)(i - 1). 
Thus, part (c) follows from the following computation 

P±i,i = {q- i)M±i,i 

=±(g-l)[uo,i,P±!,o]/(5'-l) 

(7.109) „ , , 

= ±(9 - l)'[Qo,2, P±;,o]/(?' - 1) + /(g - l)P±i,o/(9' - 1) 



= P±;,o + 0{h). 



We can now turn to the proof of the theorem. 



□ 



Proof. We must prove that "^A preserves the lattice iS'W^ and we must compute the image of 
the elements Qifi, Qo,i and (5o,2- By (7.56) we have '^A(P/^o) = ^(-P;,o) for all I € Z. Thus, we 
have also A(Z);^o) = ^(A,o)- Next, using (7.56) and (7.62), we get 



Qo,i = uo,o, "AiQo,!) = S{Qo,i). 
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This implies that A(£)o,i) = <5(-Do,i). Finally, using (7.56) and (7.62) again, we get 

Qo,2 = {q- l)"^(W'o,i - "0,0), 
(^•^^^^ "A(go,2) = <5(Qo,2) + (5 - 1)-' ^-M ® "fe.i- 

Thus, by Lemma 7.10 we have 

(7.111) "HQoa) = KQo,2) + ^^-m ® + Oih"). 

This implies that 

(7.112) A(£>o,2) = ^(£'0,2) + e ^ lK^-^D_i^o ® A,o- 

For a future use, let us mention the following fact. For Z ^ we put 

(7.113) SH-[<-/] =0SH-[-s], SH+[>;] =0SH+[s] 

where the grading is the rank mentioned above. 

Lemma 7.11. For I ^ I we have A{Dqj) = S{Do,i) mod?i/o SH-[^ -1] ® SH+[^ 1] 
Proof. A simple computation shows that, modulo SH~[^— 1] (g)SH+[^2], we have 
(7.114) 

A(I)i,i) =A(ad(i?o,2)'(^i,o)) 

= ad(^(i?o,2)+^^/Ki-'i5-i,o® A,o)'(<5(i?o,i)) 

I 



□ 



= 5{D^,i) +iYl ad(<5(I?o,2)) o ad(£'_i,o ® Di,o) o ad((5(£'o,2)) (<5(I)i,o)) 

k=l 

I 

k=i 

Applying the commutator with A(£)_i^o)i we get, modulo SH~[^ — 1] (8)SH"'"[^ 1], 

I 

(7.115) A{Ei) = 5{Ei)+^J2^^-k^^k-i. 
It follows in particular that 

(7.116) A(£>o,0 G SH-^'O (g) SH-^'O + SH-i^-llgSH+i^l]. 

Using (1.94), modulo the ideal SH-[^ -l]§SH+[^ 1], we deduce from (7.115) the desired 
estimate on A{Doj). □ 
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8. Relation to Wkigir) 

8.1. The vertex algebra Wk{Qir)- Fix an integer r > 0, a field k containing C and an element 
k £k. Let Wfc(s[r)k be the W-algebra over k at level k associated with sU-. We may abbreviate 
Wk{slr) = Wk{slr)k- Recall that Wk{slr) is a Z-graded vertex algebra with quasi-primary vectors 
W2, W3 . . . , Wr of conformal weight 2, 3, ... r. The corresponding fields are 

(8.1) Wi{z) = J2Wi,i z-^-\ Wi,i G End(W^fc(5l.)). 

Let |0) be the vacuum of Wk{Q\r)- Recall that |0) has the degree zero, and that Wi,i is an 
operator of degree —I. We abbreviate Wj^(j) = Wi^i-i+i, so that we have Wi = Wj^(_i)|0). Then 
Wk{Qlr) is spanned, as a k- vector space, by the elements 

(8.2) Wi„(_i,)W^i„(_i,)...W^i„(_i,)|0), k^l, 00. 

The vertex algebra Wk{slr) admits a strict filtration, in the sense of [2, sec. 3.4, 3.8], such that 
the subspace H^fc(5lr)[<(i] is spanned by the elements (8.2) with ii,i2, . . . ,it ^ 2 and 

(8.3) ii+i2-\ +it^d + t. 

We'll call it the order filtration. This filtration differs from the standard filtration on any con- 
formal vertex algebra [2, sec. 3.5, rem. 4.11.3]. The associated graded Wk{slr) is a commutative 

vertex algebra. Let Wi,i denote the symbol of Wu in End(Wfe(5(r)). The vectors W2, ■ ■ ■ , Wr 
generate a PBW-basis of Wk{slr), see [2, sec. 3.6, prop. 4.12.1]. This means that the map 

(8.4) kK,(„^);^e[2,r],/^l]^Wfe(sl,), /(«;,,(_;)) ^ /(W,,(_,))|0) 

is invertible. Let VFfe(0lr) be the W-algebra over k at level k associated with Qlr- It is the tensor 
product of Wfe(slr) with the vertex algebra associated with a free bosonic field of conformal 
weight 1 

(8.5) Wi{z) = J2Wi,iz-'-\ 

The results above generalize immediately to Wk{glr)- In particular Wk{Qir) admits a strict 
filtration such that the subspace Wk (fllr) d] is spanned by the elements (8.2) with 11,12, ■■■ ,it ^ 
1 as in (8.3). Finally, recall that 14^2 is a conformal vector of central charge 

(8.6) Cfe = (r - 1) - r{r^ - l){k + r- lf/{k + r). 
In other words, the Fourier modes of the field W2{z) satisfy the relations 

(8.7) W2,uW2,k] = {l- k)W2,i+k + (/^ - I) Si,-k Ck/12. 

8.2. The current algebra of Wkislr)- Let ii{Wk{Qir)) be the current algebra of WkiQir), see 
[2, sec. 3.11]. It is a degreewise complete topological ]s.-algebra. This means that it is a Z-graded 

algebra 

(8.8) ii{Wk{slr)) = 0il(W^fc(0lr))W 

which is equipped with a degreewise linear topology such that the multiplication 

(8.9) iX{Wk{Qlr))[s] X ii{Wk{glrW] ^ iX{Wk{Qlr))[s + s'] 

is continuous, and that each piece it(H^fe(0[r-))[s] is complete. We call the degree with respect 
to this grading the conform,al degree, and we call this degreewise linear topology the standard 
degreewise topology. See [31, sec. 1] and [2, sec. A. 2] for the terminology. Next, the algebra 
il{Wk{Qlr)) is equipped with a degreewise dense family of elements [2, sec. 3.9, prop. 3.11.1] 

(8.10) {V{r.y ; V e W{Qlr), U € Z}. 
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We'll abbreviate Wi^i = (VFj)|;+j_i].. Thus Wi^i may be viewed both as a linear operator on 
WkiQir) and as an element of ii{Wk{Qlr)) of conformal degree — /. We hope that this will not 
create any confusion. Note that the elements 

(8.11) Wi,,i,Wi,,i,...Wi,,i, 

with ii,i2, ■ . ■ ,it ^ 1 and h + I2 + ■■ ■ + h = s span a dense subset of it(Wfc(0lr))[s]. Now, the 
order filtration on Wk{Qlr) induces a filtration on li(Wfe(0[,.)), called again the order filtration. 
The element Wi^i has the order i — 1. Let Wi^i denote its symbol in the piece [2, thm. 3.13.3] 

(8.12) V.{Wk{Qir)m =il(W^fe(0tr))[<i]/ii(Wfc(0[O)[<i]. 

The conformal weight yields a Z-grading on iX(Tyfe(0lr))[j] such that Wi^i has the (conformal) 
degree —I. Note that ll(Wfc(0Jr)) is also a degreewise complete topological k-algebra. It is 
isomorphic to the standard degreewise completion of the algebra 

(8.13) kKz;ie[l,r],/eZ] 



as a degreewise topological k-vector space. Here Wi^i is given the degree —I. 



8.3. The Wfc(0lr)-modules. 

Definition 8.1. We define a 14^^(0 [r)-module to be a it(iyfe(0[r))-module. A Vl^fe(0[r)-module is 
admissible if it is a Z-graded il(Wfc(0lr))-niodule M = Q^g^ M[s\ such that M[s] = for s » 0. 

If M is an admissible W/s(0lr)-module the action 

(8.14) H(Wfe(0[^))[s] X M[s'] ^ M[s + s'] 

is continuous with respect to the topology on il(Wfc(0lr))[s] and the discrete topology on M. 

Now, let f) be the Cartan subalgebra of 01^. For /3 G [), the Verma module with the highest 
weight /3 is an admissible module with basis elements 

(8.15) Wi,,-i,Wi2,-h---Wi„-iAP), t^O. 

Here is the highest weight vector, see [2, sec. 5.1]. We have the following relations 

(8.16) %o\P)=ei{l3m, Wi,i\p)=0, 1^1, 
where ej(/3) is the evaluation of the z-th elementary symmetric function at /3. 



Rem,ark 8.2. The order filtration on Wk{Qir) induces a filtration on such that M^[< d\ is 
spanned by the elements 

(8.17) Wi,,-i,Wi,,-i,...Wi,,-iM, h>l, t^O, 

with ii, 22, satisfying (8.3). By [2, prop. 5.1.1], the associated graded is a il(Wfc(0tr))- 

module M^. The conformal weight yields a Z-grading on M^. As a graded vector space M/s is 
isomorphic to 

(8.18) kK_j;ze[l,r],l^l], 
where Wi^-i is given the degree I. 
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8.4. The quantum Miura transform for Wk{Qir)- Let 61, 62, . . . , for be a basis of () and let 
b^^\b^^\. . . , 6^''^ be the dual basis. Let (•, •) denote both the canonical pairing f)* x f) — )• k and 

the pairing f)* x f)* — > k such that {b^"^^) is orthonormal. Fix k S k^ and fix r commuting boson 
fields 6(i)(z),6(2)(z),...,6W(z) of level k-\ Thus, wc have 

(8.19) = 16M^, b^Hz) = Y.bl^z-^-K 

Let Jf^^^ be the Heisenberg algebra generated by the elements 6;'^ with i e [l,r] and / G Z. For 
/3 e f) let TT^ be the (''^-module generated by the vector with the relations 

(8.20) 6«|/3)=5,,o(6('\/3)|/?), 1^0. 
To avoid confusions we may write np = 7r/3_k- Consider the fields 

(8.21) biz) = ^b^^{z)h, h{z) = Y,{h,bi}b^'\z), h€t)*. 

i i 

We call TTo the Fock space. It has the structure of a conformal vertex algebra such that 

(8.22) Y{b^i\\0),z) = b^^{z). 

The Virasoro field has the central charge r — 12(/i, h)/K and is given by 

(8.23) |5^:6W(^)2:+a./i(^). 

i 

Here : : denotes the normal ordering (from right to left). The module tt^j has the structure of a 
module over tto. 

Now, let be the weights of the first fundamental representation of sir- Let 

also ai, uji be the simple roots and the fundamental weights of sir, and p be the sum of the fun- 
damental weights. Given Q G k we define the fields Wi{z), W2{z), . . . , Wr{z) in End(7ro)[[2;~^, 2;]] 
by the following formula 



(8.24) _K : a, + /i« {z)) : = ^ Wd{z) {Q dj-''. 

i=l d=0 

Note that 

r r—lr 



Therefore, we have 



Wo{z) = 1, 
Wi{z)=0, 

W2{z) = -At^ :h^'\z) h^^\z): +KQd,p{z) 



(8.25) 



r-l 



= ^ ^ :ai{z)uji{z): +KQdzp{z) 



i=l 



= 'l^..b(Hzr:-^^:J{zr:+KQd.p{z). 

i=l 

For r > 2 the field W2{z) is a Virasoro field of central charge [26, prop. 4.10] 

(8.26) Cq = (r - 1) - r(r2 - l)/t Q^. 
Although this notation is not compatible with (8.25), we'll write 

r 

(8.27) W^i(z) = J(z) =^6«(z). 
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Comparing (8.6) and (8.26) we get Ck = Cq if 

(8.28) Q = -^/k, K = k + r. 

We'll always assume that (8.28) holds. The fields Wi (z), . . . , Wr{z) generate a vertex subalgebra 
of TTo which is isomorphic to Wki^lr), see [20, sec. 5.4.11]. An exphcit expression of the field 
Wd{z) in End(7ro)[[2;~^, 2]] yields to complicated formulas. The following is enough for our 
purpose. 

Proposition 8.3. For 1, modulo lower terms in the order filtration of il{Wk{Qli))'^'' , 

d 

s=0 n<j2<---<is 

Proof. Obvious because, modulo lower terms, wc have 

(8.29) Wd{z)^-K :h^''\z)h^'^\z)...h^^^\z):. 

ii<i2<---<id 

a 

Since TTfj is a module over the vertex algebra ttq, it is also a module over TV'i.(g[,.). Let 
{Wkislr j) denote the image oi ii{Wk{Qlr)) in End(7r/3). This image may depend on the choice 
of /3. We hope this will not create any confusion. We have the following, see, e.g., [8]. 

Proposition 8.4. The representation ofWkislr) on is such that 

Wdfi\p) = wdim), Wd,i\p) = 0, z > 1, 

r d 



8.5. The free field representation of SH^'. A composition of r is a tuple {i^i, 1/2, ... , Vd) 
of positive integers summing to r. For each composition, we set 

SH^ = '^^SH^,^;), = (g) jJi^, 

(8.30) l^i^d l^i^d 

Here, the symbol denotes the tensor product over and is the topological tensor product 
over Kr as in Section 7.6. For instance, for d = 2, we have 

SH^ = 0SH^W, SH^W=|im( (g) SH^^^^^jj/j^^^, 

seZ N si+S2=si=l,2 

Jn[s] = (g)SH(,^:'N. 

Taking only the terms in SH^^^ [s,] or SH^*' Zj] in the definition of SH^, we get the subspaces 
(8.32) SH^[si,...,Sd], SH^[</i,...,<Zd]. 

For a future use, let us quote the following easy fact. 

Proposition 8.5. The map A''"^ factors to an algebra embedding : SH^' — > SH^ and 
A''{snP[s])c SH^[si,...,Sd], A''(SH(^)[<Z]) c SH^[<Zi,...,<Zd]. 

Slv,«d ll,...,ld 

Here the sums run over all tuples summing to s and I respectively. 
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Proof. Since the coproduct A admits a counit e, the map A''"^ is an injection 
(8.33) SH'' ^ {SW' f^. 

It factors to a Kr-algehia homomorphism A" : SH^^ — >• SH^ which is again injective. □ 



Definition 8.6. We define a representation of SH)^ on by composing A" with the 
representation of SH^ on in (3.20). 

Corollary 8.7. The representation p" is faithful. 

Proof. Use Proposition 8.5 and Theorem 3.2. 

□ 



Remark 8.8. We will mostly be interested in the case v = (f), where we abbreviate {V) = 
(1,1,..., 1). In this case, we have 

(8.34) L^^") = (L« )»'■ = L^) ®K L^' ®k---®k L^' , 
and the iCr-vector space structure is given by 

(8.35) £j = 1 (g) 1 ••■ (g) 1 (8)ei (g) 1 ••• 1, ie[l,r], 
where £i is at the i-th spot. 



8.6. The degreewise completion of SH^'. We refer to [31, sec. 1.1-1.4] for the terminology 

concerning degreewise topological algebras. The ii'r-algebra SH]^' carries a Z-grading and an 
N-filtration inherited from SH^j-, see Section 1.8. 

Definition 8.9. The standard degreewise topology of SH)^'^ is the degreewise topology defined 
by the sequence 

(8.36) /iv = /n[8], /n[s\ = ^ SH«[t - .] SHW[-i]. 

(r) 

The standard degreewise completion of SH]^ is the Z-gradcd algebra given by 

(8 il(SHW) = 0il(SH(^))H, il(SH(^))W = lnnSH«H/^^[s]. 

sez N 

The standard degreewise topologies on ll(SH^') is the projective limit degreewise topology. 
The standard degreewise topologies on SH^^ and il(SH^^) are linear. They equip ii(SH^^) 

(r) 

with the structure of a degreewise complete topological algebra and the canonical map SH]^' — >■ 
il(SH^') is a morphism of degreewise topological algebras with a degreewise dense image. 

Definition 8.10. A module M over SH^^ or it(SH^^) is admissible if M = 0^gzM[s] is 
Z-graded and M[s] = for s large enough. 

By an embedding of degreewise topological algebras we mean an injective morphism of de- 
greewise topological algebras. The following is an immediate consequence of Corollary 8.7. 

Proposition 8.11. (a) The map p^^ ^ is a faithful admissible representation o/SH^-* on 
which extends to an admissible representation o/il(SH^'). 

(g) The canonical map SH^'^il(SH^^) ^5 an embedding of degreewise topological algebras. 
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Remark 8.12. If M is admissible then the actions 

(8.38) SH.P[s] X M[s'] M[s + s'], il(SH^^)[s] x M[s'] M[s + s'] 

are continuous with respect to the standard topology on SH^'[s], il(SH^^)[s] and the discrete 
topology on M[s'], M[s + s']. 

(r) / (r)\ 

Remark 8.13. The order filtration on SH]^ induces a filtration on il(SH]^ ) called again the 
order filtration. By Proposition 1.38 it is determined by putting D^^d in degree d for any r,d. 



8.7. Prom SH^-* to Wk{Qh)- In this section we set \s. = Ki and k = k + 1. Recall that Wkish) 
is the vertex algebra ttq associated with the Heisenberg algebra Jf^^^ . We'll abbreviate 

(8.39) Wi{z) = biz)^Y.biz~'~'- 

Thus Wfe(0li) is spanned, as a vector space, by elements 

(8.40) b-i,---b-i,\0), h^l, t^O. 

Definition 8.14. The subspace Wfe(0li)[=^ rf] of standard order at most d is the span of the 

elements in (8.40) with t ^ d. 

The standard filtration on W^;(gli) should not be confused with the order filtration. The 
associated graded of Wkidh) with respect to the standard filtration is a commutative vertex 
algebra. The current algebra lt(T4^fc(0[i)) has a standard filtration as well, for which the elements 
bi are of standard order 1. Now, we consider the ^^^^-module 

(8.41) 7r(i)=7r^, f3 = -si/K. 

RecaU that '^(^^(flli)) is the image of il(VFft(flli)) in End(7r(i)). By Proposition 1.40 there is 
a unique isomorphism i^i-vector space L^' tt^^' such that [Im] |/3) which intertwines the 
operator p^^\b-i) = p'^^\y~^Difi) on L^^ with the operator 6_; on tt^^^. Following (2.34), we 
identiiy tt^^^ with Kk-^ in the usual way. This yields an isomorphism 

(8.42) LW=7rW=AK,. 

Our next result describes the action of the element Hi introduced in (1.91). 



Proposition 8.15. We have the following relation in End(7r(^^) 

/lez 

Proof. To unburden the notation we omit the symbol p^^^ everywhere. We must prove that 

(8.43) Ho = KY,b-ibi + Kbl/2, Hk = Kj2h-ibi/2, k ^ 0. 

1^1 l£Z 

Recall that 6_; acts on A^i by multiplication by pi and that 6; acts by the operator K~^ldp,. 
Next, the computation in the proof of [41, thm. 3.1] implies that 

1 _ _ 1 ^'^^ 

(8.44) n{px) = K-^Cn{X')px + X] KKPx^Px^PXr+XsPx + 2 H 5Z ^rPx^PjPXr-jPx- 

rj^s r j=l 

So we have the following formula 

(8.45) □ = ^^(; - l)b-ibi/2 + « ^ {b-i-kbibk + b-ib-kbi+k)/2. 
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Now, Remark 3.3 yields 

(8.46) £»o,2+£i£'o,i = Kn- 

Further, a direct computation (left to the reader) using (1.91), (8.45) and (8.46) gives 

(8.47) [Hk,bi] = -lbi+k, [H_u,h] = -lh-k, I fc > 1. 

This implies the formula for H}. and k ^0. Next, a direct computation using (1.91) yields 

(8.48) Ho = Do,i + Kbl/2. 

Further, by Lemma E.3 we have [i?o,i, I?(^o] — lDi,o and by (3.18) we have Z)o,i([/0]) = 0. This 
yields the following formula for -Do.i) which implies the formula for Hq, 

(8.49) Do,i = K^b-ibi. 

a 

Equations (8.45), (8.46) and (8.49) give the expression for the action of Dq,! and Do,2 on tt'^^\ 
Since SH^^ is generated by {-Do, 2, bi ; I G Z}, the proof above also gives the following. 



Proposition 8.16. There is an embedding 
which intertwines the representations o/SH^^ and {Wk{Qh)) on n^^\ 



(8.50) e :SH(^^ ^^(W^fc(0li)), h^bi, 



Thanks to Proposition 8.16, we may speak of the standard order of an element of SH^^ 
Proposition 8.17. For 1 we have 

(8.51) "'''^^^^''^^diJTTj ^ P^'\--biobw-bia:)- 

The sum runs over all tuples of integers with sum 0. The symbol = means that the equality holds 
modulo the action of term,s of standard order ^ d — 1. 

Proof. To unburden the notation we omit the symbol p^^^ everywhere. Further, for any integers 
mi, ... , md we abbreviate 

(8.52) bmi,...,ma = ^^{bmi) ° ad(6„J ° ■ • ■ ° ad(6„J. 

Recall that : bmi • ■ • bma '■ is the monomial obtained from bmi ■ ■ ■ bmd by moving all brm, mi < 0, 
to the left of all bmj with nij ^ 0. First, we prove that for any mi, ... , rud we have 

(8.53) bmi,...,mADo,d) = {d- iy.{mim2 ■ ■ .md)bm, m = rui -\ hm^. 

We proceed by induction on d. Note that (8.45)-(8.49) imply that 

2 

(8.54) Do,i = 2 X. -^'o^'i • ' ^0,2 = y zJ -biMbh ■ > 

where the Zj's are integers which sum to 0. This implies the claim for d = 1,2. Assume that 
(8.53) is proved for d. Applying ad(Z)i,i) to (8.53), the formula (1.93) gives 

{d - l)!(mim2 ■ • • md)mbm-i = &mi,...,m<i(-Di,d) + ^ 

i 

= bmi,...,md{Di,d) + {d- l)!^(mi - l)(mim2 • ■■md)bm-i- 

i 

This implies the formula 

(8.55) 6mi,...,m<i(£'i,d) = rf!(mim2 ■ • • md)6„_i. 
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Similarly, we have 

(8.56) &mi,...,md(-D-i,d) = Kdl{mini2 ■ ■■md)bm+i- 
Next, we compute 

bmi,...,md+iiEd+2) = &mi,...,md+i ([-D-1,2, -Dl,d]) 

= / ^ [bmi,mi{D-i^2),brni,...,mi,...,fhi,...,md+i{Dl,d)] + 

(8.57) t^j 

i 

where the symbol fhi means that the index rrii is omitted. Write m"*" = m + md+i. The first 
sum on the right hand side of (8.57) is equal to 

'^2Kliljbrni+mj + l,mi,...,fhi,...,mj,...,ma+i{Dl,d) = 2K(i!(mi • • • m^+l) ^(^i + nij + 1)6^+ 
i<j i<j 

= 2Kd\{mi ■ ■ ■ md+i) {dm+ + d{d + l)/2)6„+ 

while the second sum evaluates to 
-d!^(mi •■•mi •••md+i)6„+_„,_i,„,(£>_i,2) = -2Kd!(mi • • • md+i) ^(rn+ - - l)bm+ 

i i 

= 2Kd\{mi ■ ■ ■ md+i) ( - rfm+ + {d+ l))b^+ . 

We obtain 

(8.58) bmi,...,m^+i {Ed+2) = K{d + 2)!(mi • • ■ md+i)bm+ ■ 

By (1.94) we have Ed+2 = n{d + 2){d+ l)Z?o,<i+i + u where u is a polynomial in Dq^i, . . . , Do,d 
of order ^ d. Thus, we have 

(8.59) bmu...,m^+AEd+2)=K{d+2){d+l)bm„...,m^+ADo,d+l)- 

Prom this we finally deduce relation (8.53) for d + 1. We are done. 

Now, relation (8.51) follows from (8.53). Indeed, given integers lo,li, . . . ,ld we have 



(8.60) ad{bm)ibi„bi, ...bi^) = — V bi„ . . .bii-Mi+^ ■ ■ -bu, 

li — — m 

where the sum is over all z's with li = —m. Thus, if Zq) 'i) . . . , Id sum to we have 

(8.61) bmi,...,rnA-KMl • • • ^'d = C 6„ 



for some constant c which is zero unless . . . Id are equal to m, —mi, —m^, ■ ■ ■ , —md, up to 
a permutation, and which, in this case, is equal to (mi • • ■md)/^'^ times the number ci„_,,,j^ of 
permutations a of {0, 1, . . . , d} such that la-{o) = m and la-{s) = — m^ for s = 1, 2, . . . , d. In other 
words, if Iq, li, . . . ,ld are equal to m, —mi, — m2, . . . , — m^ up to a permutation, then we have 

(8.62) b^^ fDo,d-'^-^^—^ :bi,bi,...bi,:)=0. 

Therefore, for any integers mi, m2, . . . , m^ we have 

(8-63) &mi,...,ma(£'o,d - ^ -.bi^bi^ . . . bi^.^ = 0. 

lo,---,ld 

The sum runs over all tuples of integers summing to 0. To conclude, we use the following lemma. 

Lemma 8.18. Let u G il(Wfc(0[i)) be annihilated by bmi,...,md for any integers mi, ... , m^. Then 
u is of standard order =4 d — 1. 
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Proof. We may express u as an infinite sum 

(8.64) " = E E ■K---bi^:. 

Now observe that 

(8.65) s < i bmi,...,mt{-t>h---bl^:) =0, bmi,- ,ms{-bh ■ ■ -bl^:) = Cmi,...,ms, 

where Cmi,...,ms 7^ if and only if h,. . . Is are equal, up to a permutation, to —mi, . . . , — m^. 
The lemma follows easily. □ 



8.8. Prom SH^' to Wfc(fl[2). We are interested in higher rank analogues of the inclusion (8.50). 
In this section we deal with the case r = 2. We set \s. = K2 and k = k + 2. We write 

(8.66) n^^")=n0, /3) = -Si/w + (i - l)^/^, i = 1,2. 

Recall that '^(WkiQli)) is the image of il(Wfc(0l2)) in End(7r(^''). The isomorphism (8.42) 

yields an isomorphism = A^^ . Composing it with the isomorphism A^^ = ir^^ such that 
1 (g) 1 \l3) which intertwines the operators b-i (g) 1, 1 ig) b-i on A^^ with the operators b^^j, b^^j 
on TT^^ \ we get an isomorphism 

(8.67) L(J^)=^a^)=A|^ 

which identifies [/a]*^^, and 1®^. Using (8.67) together with Propositions 8.4 and 8.11 we get 



inclusions of '?/(Wk{gl2)) and SH^?' into End(7r(i')) 



Proposition 8.19. The representation p^^ ^ yields an embedding of degreewise topological K2- 

algebrasQ : ^n'^^^ ^ 9/ [Wkigh)) ■ 

Proof. It is enough to check that p^^^\bi) and p^^^\Do^2) belong to '^{Wkigh))- For bi, this 
follows from the easily checked relation 

(8.68) p(i')(6(z)) = J(z), b{z) = J2biz-'-' GSII^^\[z,z-% 

lei. 

For Do, 2, this is a consequence of the lemma below. 
Lemma 8.20. There is a constant c such that 

2 

/''H^o,2)=|$^:W^i,-iW^2,/:+|^ ^ ■.W^,-k-iWkWi: + 

iez fe,;ez 

Proof First, note that (8.45), (8.46), (8.49) and Theorem 7.9 imply that 

p(^^)(zPo,2) = f E {b'^um' + mib?^. + b^L^M' + 

(8.69) + Y E(« - 1) (''^V^^^^ + b^}br^) - n E {e.b^W + ^26^16^) + 



1>1 
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Using £i = — k6q^^ and 62 = ^ — nb^p , we can rewrite (8.69) in the following way 
(8.70) + ^ Ed^l - 2) : + : +| ^ : ^^^^ - ^L^^f) 

for some constant ci. Next, recall that 

Wi{z) = b^^\z) + b'^^\z), 
^^■^^^ W^iz) = ^ :b^'\zr + b^^\zr: - ^-.W^izf: -^d^z). 

This implies that 

(8.72) = -f E = ^^'W : +f E = + = + - b\ 

Further, we have the following formulas 

^(l),.(2) , .(2) z,(2),(l) 



(8.73) 



(8.74) E 1^1 ^^i.-'^i.' - 2E 1^1 : h^W : + E 1^1 = + 
lei. lei. lei 

lei k,iei 

(8.75) ^ 4 ■ "-k-rk °i + '^-k-rk "i • 

k,iei 

+ fE = W-^^1^r = -«^ = ^^V^^^^ 

;ez ;ez 

Therefore, we get 



^''H^o,2)-|E=^i.-'^2,i: E ■Wi,-k-iWi,kWiy. - '^Y.\l\:Wi, 
lei k,iei lei 



(8.76) 

= -^E = W^ + ^^^>P' = +^- 



2 

iGZ 



Next, observe that 



^2,0 = -f E = ^^Vf ^ : +f E = b^lb^' + ■■ +f (^^^^ - 

/o rrrr\ /GZ lei 

;ez ;ez lei 

Therefore, we have 

(8.78) ^ E + b^'i^?' - T ^ = = - ? - 

!ez lei 
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The lemma follows, the constant c being given by 

(8.79) c = P3(e)/6K +P2(e)e/4K - Pi{e)^'^ /2n + /12k. 

□ 
□ 



8.9. Prom SH^^ to Wfe(glr)- Now r is arbitrary. We set ]s. = and K = k-\-r. We write 

(8.80) T,i^^)=TTp, (6W,/3) = _e,/K+(i_l)^/K, ie[l,r]. 

Recall that ^(Wft(0lr)) is the image of il(Wfe(0[r)) in End(7r(^'^)). We construct as in (8.67) a 
ii'^-linear isomorphism 

(8.81) \}-p = TT^i") = A%1 

which identifies [Z©]®'", \P) and 1®'' and which intertwines the operator 6^] on ■k^^'~^ with 

(8.82) l(8)---(g)l(8)6_i0l®---(8)l (6_; is at the i-th spot) 
on A®^ and with the operator on ^ given by 

(8.83) 1 (g) ■ • ■ (g) 1 (g) p(^)(j/-'A,o) (8) 1 (8) • ■ • (8> 1. 

Propositions 8.4, 8.11 then provide inclusions of '^(Wfe(fllr)) and SH^' into End(7r(^'^)). We 
equip SH^\ il(SH^^) and {WkiQlr)) with the standard degreewise topologies. 

Theorem 8.21. The representation p^^"^^ yields an embedding of degreewise topological K^- 
algebras 6 : SH^^ '^{Wk{Qir)) with a degreewise dense image. The morphism G is compat- 
ible with the order fiUrations. 

The theorem is a direct consequence of Lemmas 8.22, 8.24 below. Note that the map is 

(r) 

homogeneous of degree zero relatively to the rank degree on SH]^' and the conformal degree on 
Lemma 8.22. The representation p^^'^^ yields an embedding of degreewise topological Kr-algebras 

e -.sup ^'^iWkiQir)). 

Proof. We may assume that r > 2. Consider the composition of r given by 

(8.84) a;i = (l,...,l,2,l,...,l), i€[l,r), 

where 2 is at the i-th spot. Let : SH^-* SH"^' be the if^-algcbra homomorphism given 
by the iterated coproduct, and let p^^ be the representation of SH"^' on tt*-^ ^ given by 

(8.85) p'^'' = pf^^ ® • • • ® p(^) ® ® p^^l 

The coassociativity of the coproduct implies that the representation p^''^ is the pull-back of the 
representation p"* by the algebra homomorphism (f)"\ By Propositions 8.16, 8.19 the represen- 
tations p^^^ and p^^ ^ give inclusions 

(8.86) ShW c ^(W«_i(flli)), SH^^) c ^{W^-2{Qh)). 

Therefore, for each i the representation p^^^^ gives an inclusion of SH^^ into the subalgebra of 

End(7r(-^'^)) given by 

(8.87) f/-" = ^(W^«_i(0li))®(^-i) g ^(iy.-2(0l2)) ® ^(iy._i(0(i))®('^-*-i). 

Thus, the lemma is a consequence of the following classical result due to Feigin and Frenkel ^. 



^A. Okounkov told us that he used a similar argument in his proof with D. Maulik 
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Theorem 8.23. We have the equality (Xi=l = ^{WkiQlr j) m End(7r('')). 

This is a direct corollary of the characterization of {Wk{Qir)) as the intersection of screening 
operators associated with each simple root of sl„, see [18, thm. 4.6.9]. The above formulation 
appears in [20, sec. 15.4.15]. □ 

Lemma 8.24. The inclusion 9 : SH^' "^(WkiBir)) gives a surjective morphism of de- 
greewise topological Kr-algebras ii(SH^') ^{Wk{Q^r)) which is compatible with the order 
filtrations. 

Proof. By the universal property of completions, for each integer s, the inclusion 

(8.88) SnP[s]^'^{Wk{Qlr))[s], 
which is a continuous map, extends uniquely to a continuous map 

(8.89) il(SH(;:))[s] ^ ^{Wk{0lr))[s]. 
Taking the sum over all s we get a map 

(8.90) e:y(SH^))^^(T4^fc(0l,)). 

It is a morphism of degreewise topological -ftr^-algebras. We must prove that it is surjective. We 
have already seen that Q{b{z)) = Wi{z). We now consider the fields Wd{z) with d> 1. The free 
field representation of Wk{gir) yields an embedding 

(8.91) '^{WkiQlr)) C '^(M^fc(0[i))®^ 

By Propositions 8.11, 8.16, the representation p^^ ^ yields an embedding 

(8.92) il(SH^)) C ^{Wki3li)f^. 

The standard filtration on (Wk(gh)) introduced in Section 8.7 induces the standard filtrations 

(8.93) n(SH^)) = |Jil(SH^^)[=^d], ^{Wk{Qlr)) = \J^{Wk{Qlr))Hd]. 

d d 

The map is compatible with these filtrations. Proposition 8.3 yields the following. 
Claim 8.25. For d^l, under the inclusion (8.91) we have 

d 

W,{z) = -nY,{-ry-\:--d) E J{zr-'b^''\z)b^'-'\z)---b^^^\z) : 

modulo terms of standard order =4d—l in il{Wk{Qii))'^^[[z, z~^]]. 

Recall the elements defined in (1.84). 
Claim 8.26. For I, d with d^ there is a constant c{l, d) ^ such that 

(8.94) p(n(y,,)^c(M)E E ^^■■■^^ ■ 

i=l lQ,...,ld 

The sum runs over all tuples of integers with sum —I. The symbol = means that the equality 
holds modulo terms of standard order =4 d in il{Wk{Qii))^'^[[z, z~^]]. 

Proof. First, we prove the following estimate 

(8.95) p(i")(y,,) = 5'-i(p«(y,,<j)). 

Equation (8.95) is clear from the definition of the coproduct on SH'^ for d = 0, 1 or for / = 0, 
d=2. Next, the operator ad(p^^^^(Do,2)) increases the standard order by at most one, see e.g., 
formula (8.69) in the case r = 2. Hence using relations 

(8.96) ad(£»o,2)''(£>i,o) = £>i,d, ad(£)o,2)'^(£'-i,o) = (-l)''£>-i,d 
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we deduce (8.95) for I = ±1. Likewise, the operator ad(p^^'^^ (fii^i)) preserves the standard 
filtration and the operator ad(p(^ ^(Di,o)) decreases the standard filtration by one. This implies 
that (8.95) holds for I ^ 0. Thus we have also 

(8.97) p^''~\Ed) = S^-\p^'\Ed)). 

This implies that (8.95) also holds for Dq ^ for any d. 

Next, combining (8.95) and Proposition 8.17 yields (8.94) for Z = with 

(8.98) c(0, d) = 



d{d + 1) ■ 
Finally, acting by 

ad(p(i'-)(i)±i,i)) = ad(^'--i(p(i)(D±i,i))), 
ad(p(i'')(£>±i,o)) = ad(5'--i(p«(£>±i,o))) 
now yields (8.94) for all values of I, d. We are done. Note that, since (1.93) implies that 

(8.100) [bi, = ylbi-i, [bi, = y-^Klbi+u 
we get 

(8.101) c{l,d) = yK'^/{d+l), c{-l,d) = -y-^K'^+^/{d+l). 

□ 

By Lemma 8.22, we have lm(0) C '^{Wh{Q\r))- Using Claims 8.25 and 8.26 we see that the 
associated graded of Im(6) and iWk{Qir)) with respect to the standard filtration are equal. 
This implies that 

(8.102) Im(e) = ^{Wk{Qir)). 

To finish, wo prove the compatibility of 8 with the order filtration {Wk{Qir)){^<I\ defined in 
Section 8.2. Recall the filtration "/Z {Wk{Q\r))[< d] defined in (8.93). By Claims 8.25 and 8.26, 
there exists for any /, d an explicit clement 

(8.103) M;,dG'^(W^fc(0tr))Kd] 

such that 

(8.104) e(A,d) - ui^d G ^{Wk{Q\r))Hd]. 
But from the definition of the filtrations, wc have 

(8.105) ^{Wk{Q\r))Ud] C ^^{Wk{Q\r))[<d]. 

By Remark 8.13, the order filtration on il(SH^^) is determined by putting D^^a (or equivalently 
Yr^d) in degree d for any (r, d). Thus Lemma 8.24 is proved. 

□ 

Theorem 8.21 has the following consequence. 

CoroUciry 8.27. The pull-back by the morphism 6 : SH^^ — )• ^(Wfe(0lr)) is an equivalence 
from, the category of admissible {Wk{Qir))-fnodules to the category of adm,issible S'H.^^ -m,odules. 

This equivalence takes tt*-^ ^ to p^^ \ 

Proof. Since the image of SH^^ in '^{Wkialr)) is de greewise dense, this functor is fully faithful. 
Thus, it is enough to check that it is essentially surjective. To do that, let M be an admis- 

(r) (r) 

sible SH^'-module. View SH^^ as a degreewise dense degreewise topological subalgebra of 
^(Wfc(0lr))- Then, for any s,s' the action map 

(8.106) SH^' [s] X M[s'] M[s + s'] 
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extends uniquely to a continuous map 

(8.107) '^(W^fe(str))[s] X M[s'] ^ M[s + s']. 

This yields an admissible ^(VPfe(0[r-))-module structure on M. The corollary follows. □ 

Remark 8.28. It is likely that the map O is an isomorphism of degreewise topological ii'r-algebras 
it(SH^') '^{WkiQlr))- We'll not need this. 



8.10. The Virasoro field. Wc set k = Kr and k = k + r. Now, we describe the prcimage 
under the map G in Theorem 8.21 of the Virasoro field W2{z). We keep all the conventions of 
the previous section. We have introduced in (1.91) some elements bi, Hi. Consider the fields in 
SnP[[z,z-^]] given by 

(8.108) H{z) = ^Hiz-^-^, h{z) = ^hiz-^-^. 

lei lei. 

Recall the field p{z) in End(7r(i"))[[^-i, 2]] given by 

r 

(8.109) p{z) = X](^/2 - i + 1/2) b^^{z)- 

1=1 

Proposition 8.29. We have the following equalities 

p^'^Hbiz)) = J(z), P^'^\H{z)) = 1Y.-- ^^^H^)' : -^d.p{z). 

i 

Proof. The first claim is obvious. Note, indeed, that we have 

r 

(8.110) p(i'')(6o) = -Pi(£i, . . .,er)/K + r(r - 1)^/2k = 

i=l 

Let us concentrate on the second one. For > I we set 

H'^ = Hk + {r- l){k - l)ibk/2, H'_k = H_k + {r - l){k - 1)^6-^/2. 
We must prove the following formulas 

p(i'^)(i?o) = +«^(&«)V2 + ePo, 

i 1^1 i 



(8.111) P^'^KhU) = «EE^-i-^^ /2 -ik- l)^P-k + (r - l)(fc - l)^J-k/2, 

i I 

p^'^\H',) = kY,Y. ^tfif''!^ + + {r-l){k- l)eJfc/2. 



Write 

(8.112) if^'^ = 10 1(8)- ■ -(8)1(8) p(i)(iJfe) 1(8)- ■• (8)1, ie[l,r], 
where H/. is at the i-th spot. We have 

(8.113) Hl = {-x)>'D_k,i/k + {l-k)^bk/2, H'_k = y-''Dk,i/k + {l-k)^b_k/2. 
Thus, Theorem 7.9 yields 

P^''\H'_,)=Y^H^l + k^^ii-l)b%, 

(8.114) 



p(i^)(iJD = ^i?«+fc^5:(r-z)& 



(i) 
k ■ 
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Proposition 8.15 now yields 

i l^O,-k i 

= Kj2J2b%_,b<f^/2 +ik- - i)b%, 



(8.115) 



= E E ^-i^/^ + ^Y{{k-l)ir-l) + {k + l)ir-2i+ l))6«/2, 



= « E E Ci&f V2 + {k + l)^Pk + (r - l)(fc - 1)^ 

i I 

We have [ff;t'\6['^] = -Ib'-^li- Therefore, we get 

i i i 

+5'E(^-^)(*-i)[^i'''^-ii/2 
= E -ir- m E ^^/2« + E(^ - ^)(^ - 1)/2'^ 

(8_llg) = E E ^-l^i^^ + E(^' - - -ir- *)0/2« 



= « E E ^-1^^'^ - E ^0 ^ (^^ - - ^)o/2 

= ^Y.Y. ^-i^f' + E(^o V/2 + c E ^0 ^ - 2^ + 1)/2 

= «EE^-l^f^ + -E(^o^)V2+^Po. 



□ 



The fields ^1(2;) and W2(^) give two fields in End(7r(^'^))[[2; ^iZ^l. Let us denote them again 
by Wi{z) and W2{z). Consider the field L{z) in il(SH^^)[[2-i, ^]] given by 

(8.117) L{z) = H{z)--^^:b{zf:. 
Proposition 8.29 and (8.25) imply that 

(8.118) p^^''\b{z)) = Wi{z), p^^'\L{z)) = W2{z). 
Therefore, by definition of the map ©, we have the following. 
Corollary 8.30. We have Q{b{z)) = Wi{z) and Q{L{z)) = ^2(2). 



8.11. The representation tt^''^ of Wk{Q\r) on L]^ . We set ^s. = Kj. and K = k + r. Let ^ be 
as in (8.80). The representation p^''^ of SH^^ on L^^ is admissible. 

Definition 8.31. Let tt^''^ be the unique admissible representation of Wfc(g[r) which is taken to 
p^'"^ by the equivalence of categories in Corollary 8.27. 
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By Corollary 8.30 wc have 

(8.119) P^''Hb{z)) = 7r«(M^i(z)), P^''\L{z)) = ^^^\W2{z)). 

Write |0) for the element [/e] of L^''. Write \ j3) for the r-th tensor power of the element [/g] in 
We view as an element of \ The following is one of the main results of this paper. 

Theorem 8.32. The representation tt''"-' ofWk{Q\-r) on L^'' is isomorphic to the Verma module 
whose highest weight is given by the following rules 

TT^'^KWafiM = Wd\0), 7rW(H^rf,0|0) =0, 1^1, 

r d 
i=l ii«2<---<i(i t=l 

This Verma module is irreducible. Further, for I ^ and d G [2,r] we have 

(8.120) 7rW(l^i,_0* = (-l)'''7rM (1^1,0, ^^''Hw^d.-O* = {-iy'+'7:^'-\Wdj). 

Proof. The homomorphism 9 : SH^^ ^ (M^fe(B(r)) is compatible with the Z-gradings. There- 
fore L^^ is a N-graded (W^fe(0[r))-module. Thus |0) is a highest weight vector of because 
it has the degree 0. Next, we must prove that |0) is a generator of L^^ over '^(Wfe(0[r)). 
Since L^^ is admissible and SH^^ is degreewise dense in ^(Wfe(fllr)), it is enough to prove the 
following. 

Lemma 8.33. We have L^^ = pM(SH^^)|0). 

Proof. We must check that belongs to the right hand side for each A. We proceed by 
induction on the weight |A| of the r-partition A. Assume that |A| = n and that [/^] belongs to 
p('")(SH^^)|0) whenever < n. The formulas from Section D imply that there is a r-partition 
/i of n — 1 such that the coefficient of [7^] in i^ iioii ^^ro (in K^^ for some Z € N. 

Next, we have 

(8.121) pW(Z)o,Hi)([/A]) = E E [A], I > 0. 
We can regard [/>] as the set 

(8.122) {ca{s)lx ; a = 1, . . . , r, s e A^'')}. 

Then, the action of -Do,z+i on [/a] is simply the evaluation of the Z-th power sum polynomial on 
the ii'r-point [/a] of (Kr)" Since all these points are distincts, by Hilbcrt's NuUstellensatz, 
for each A there is a polynomial / in the Do,(+i's such that f{[I\]) = 1 and f{[Ia-]) = for any 
r-partition a of n different from A. This finishes the proof. 

□ 

(r) 

Next, the graded dimension of L]^ is given by the number of r-partitions. Therefore, the 
previous arguments imply that L^' is a Verma module with highest weight vector |0). Now, let 
us compute the weight of |0). We claim that it is the same as the weight of the element \/3) in 
\ The later has been computed in Proposition 8.4 because is isomorphic to tt^^ ^ as a 

W^fe(0tr)-niodule by Corollary 8.27. So the claim implies the first part of the theorem. To prove 
the claim observe first that we have 

Lemma 8.34. (a) We have pW(£)x)|0) = /or x e 
(b) We have p^^''\D^)\0) = /or x e 



Proof. Part (a) follows from (3.18), and (6) from (a) and Lemma 7.11. 



□ 
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Now, for each d ^ 1, we fix an element g in il(SH^'') which is taken to W^^ by the map 6 

in Lemma 8.24. We must prove that it acts in the same way on the vacua of L^^ and \ By 
Proposition 1.36 the element ^ is an infinite sum of monomials 

(8.123) £'fei,h-Dfc2,b----Dfe.,i., {k„h)e^, h + k2 + --- + kr=0, 

where the Dq/s and the D-i/s are on the right. Thus the claim follows from Lemma 8.34. 

Now, we must check that /?('~) is irreducible. It is enough to check that L^' is irreducible as 
a SH^'-module. The bilinear form (•, •) on L^-* is nondegenerate, because the elements [Ix] 
form an orthogonal basis. Further, by Lemmas 8.33 and 8.34, we have 

(8.124) L(^'=i^,|0)e/'-)(SH(^^'>)|0), 

Thus, by Proposition 3.7, any element in L^^ which is killed by p^''^(SH^'''^) is proportional to 

(r) (r) 

|0). This implies that L}^ docs not contain any proper SHjj- -submodule. 

Finally, we must prove (8.120). By Proposition 1.34 there is a unique anti-involution 

(8.125) w.SUP^SnP, A,d ^ (-l)^'-'Vy'£'_,,d, d,l^O. 
Further, by Proposition 3.7 we have 

(8.126) p('-)(M)* =p('')(w(M)), UGSUP. 

Next, recall that L^ -* = (L^'')^'^ and that L^-* is equipped with the pairing in (3.24). Thus we 
can equip ■* with the unique Xr-bilinear form such that 

(8.127) (mi (g) • • • (g) Ur,Vr (g ■ • • (g t;i) = (?il, ?;i) • • • (Ur, W,-), Ui,Vi € L^^ 

Let /* denote the adjoint of a /f,.-linear operator / on L^ ■* with respect to this pairing. Note 

that we used the same symbol for the adjoint with respect to the pairing on L^'' in Section 3.7. 
We claim that 

(8.128) P^^'^Ku)* = p^^'~\zj{u)), u e SH^\ 
where w is the anti-involution 

(8.129) ^u:SH^^^SH^\ A,d ^ a;V£'-M> d,l^Q. 

Indeed, it is enough to prove (8.128) for u = Di^, Do, 2- Then, it follows from the formulas 

(8.130) 

p(n^Do,2) = $:p(^)(z)o,2)« +^$:E^'^'"V'n^-^,o)«p«(A,o)(^') 

i=l 1^1 i<j 

which arc proved in Theorem 7.9, and from the formulas 

(8.131) P^^HDi.o)* - x'yV^'H^-i.o), P^'H^o.2)* = P^'\Do.2), 

which follows from (8.126). On the other hand, there is a unique anti-involution 

^^■"^^^^ Wd,-i ^ {-iy+''Wd,i, 1^1,-, ^ (-1)'!^!,,, rf>2, 1^0. 

By (8.81) we have L^''^ = tt^^''). Let n^^^^ denote also the map il{Wk{Qlr)) End(7r(i'')). An 
easy computation using (8.24) yields 

(8.133) 7r(^'')(«)* = 7r'^^^\w{u)), u G H{Wk{3lr)). 
Finally, by Corollary 8.27 we have 

(8.134) p^i"^) = TT^^"") o e, = TT^'^' o e. 



DEGENERATE DAHA, W-ALGEBRAS AND INSTANTONS 



71 



and 6 is compatible with the rank grading on SH^^ and the conformal grading on ii{Wk{glr)). 
Therefore, comparing (8.126), (8.128) and (8.133), we get (8.120). 

□ 



9. The Gaiotto state 
9.1. The definition of the element G. Let [iWr,„] denote the fundamental class of Mr.n- It 

(r) 

is characterized, up to a scalar, by the fact that it lies in L„ ' and has the cohomological degree 
zero. Further, we have the following formula 

(9.1) [M.,„]=5]eu^i[7A], 

A 

where the sum runs over all r-partitions of size n. We define an element in L^^ = Hn^o ^'^^ 

(9.2) G = J2[Mr,n]. 

Proposition 9.1. The element G satisfies the following properties 

(9.3) /9M(7?_i,d)(G) =0, 1^1, de[0,r-2], 

(9.4) p^-\D_,,r-i){G) = x-^y-'G, p«(D_,,,_i)(G) = 0, 1^2, 

(9.5) pW(D_i,,)(G) = -x-'y-\^ei)G. 

i 

Proof. See Appendix G. □ 
Remark 9.2. It is not true that G is an eigenvector for the operators p^^\D-i^i) with I > r. 



9.2. The Whittaker condition for G. Now, we give a characterization of G using only the 
representation tt^'"^ of Wk{Qlr)- Let X be a character of the subalgebra of ii{Wk{Qlr)) generated 
by Wd,i for / > 1 and d e [1, r]. 

Definition 9.3. An element v of L^^ is a Whittaker vector for Wk{Qlr) associated with x if 

(9.6) n^''\Wd,i)v = x{Wd,i)v, d€[l,r], 1^1. 

Proposition 9.4. The element G is a Whittaker vector for Wk{Qir) associated with the character 

(9.7) x{Wr,i)=y'-''x-\ x{Wd,i) = if dy^r or d = r,ly^l. 
It is characterized, up to a scalar, by this property. 

Proof. We will work in the representation L^' and omit to write the symbol p^^^ to unburden 
the notations. Equation (9.3) implies that 

(9.8) it(SH^^)[^r-2]-G = 0. 

By Lemma 8.24 the map & gives a surjective morphism of degreewise topological iiTr-algebras 
6 : il(SH^^) (WkiQlr)) which is compatible with the order filtrations. This implies that 

(9.9) il(Wfc(fll,))[<r-2].G = 0. 
Since Wd,i has the order d — 1 by (8.3), this implies that 

(9.10) Wd,i-G = 0, d<r. 
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Let US now assume that d = r. It will be convenient to use the elements Yi^n from Section 1.9. 
We have 

(9.11) SH^[/,<n] = SH^[/,<n]eJ£:^F_i,„ 

with 

J [D_i,o,-Di_i,„+i] \il-l = n, 



(9.12) y_ 



[2)_i,i,Di_,,„] if/-l^n, 



Assume first that r = 2. Then 

(9.13) y_2,i • G = [2?_i,o, i?-i,2] -0 = 0. 
More generally, we have 

(9.14) • G - -0 = 

for any ? ^ 2. Next, let us assume that r > 2. Then 

y_2,.-G=[Z)_i,i,Z)_i,.]-G = 0, 
^ ■ ' Y_2,r-i ■ G = [£>_i,i, £>_i,,_i] ■G = Q 

and, acting by ad(£>_i,i), 

(9.16) y_;,r • G = y_„,r-i - ^ = 0, 2<Z<r, 2<n<r-l. 
Therefore we have 

(9.17) Y_r,r-1 ■ G = [£>_i,o, yi-r,r] " G = 

from which wc deduce, by acting by ad(r'_i^i) again, that y-;,r-i = for I > r. We have 
thus proved that il(SH(''))[-;, ^ r - 1] • G = for ^ > 1, and hence that 

(9.18) ii{Wk{Blrm,^r-l]-G^O, I > 1. 

In particular, we have Wr,i • G = for ^ > 1. To prove that G is a Whittaker vector, it now 
remains to compute Wr,i • G. We will do this by expressing Wr,i in terms of the elements 
up to terms of order < r — 1. We will use the representation p^^'^^ of SH*^'"'. Let us first introduce 
some notation, li f = f {zi, . . . , Zr) ~ polynomial then we write 

(9.19) ■.f{z):=^ai:h^^\zy' ■■■h^''\zy-. . 

i 

Further, if u{z) = J2i'^i-^~^~^ ^ ^^^^ conformal dimension d then we write = Ui. 

By Claim 8.25 we have, up to terms of order < r — 1 in the order filtration on ii{Wk{Qh))^'^ 

r 

(9.20) Wr{z) = -nj^i-ry-"^ ■PiUy-'e.iz): 

s=0 

while by Claim 8.26 and (8.101) we have, again up to order < r — 1, 

(9.21) p^'^\D_,,,) = -^^^( ■.Pa+i{z):)_^, P^'^HDo,,) = ^^^( -.pa+iiz):)^. 

Combining (9.20) and (9.21) and using the identity 

(9.22) {pr,p[-'e,) = SrA-^y-'/r 

from the theory of symmetric functions we deduce that, up to terms of order < r — 1, 

(9.23) TT^'^KWr,!) = {-iy-'yn'-'-p^'''HD_i,r-i)+u 

where u is a linear combination of monomials •'(Do,di • • • Do^d,D-i^d) with d < r — 1. Acting 
on G and using Proposition 9.1 we obtain 

(9.24) Wr,i ■ G = y^-^'x-^G. 
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To finish the proof of Proposition 9.4, we now show that there is, up to a scalar, at most 
one Whittaker vector of Wki^lr) in associated with the character So, assume that 
V = J2n^o '^n is a Whittaker vector, with Vn € L^'^^ for all n. Assume also that we have proved 
that for some no > 1 wo have w„ = [Mr,„] for all n < uq. Then the equation (9.7) for G and v 

(r) 

gives the following identities in L„|^„; ^ ^'^^ ^ ^ ^ 

(9.25) 7rW(T4^rf,0(w„„ - [M,,„J) = 0, de [l,r]. 

Since L^^ is irreducible as a Wfe(glr)-iiiodule, this implies that Vng = [Mr^nol- The proposition 
follows easily. 

□ 
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Appendix A. Some useful formulas 

In this section we gathered a few formulas concerning the functions G(, ipi and which are 
used throughout the paper. Recall that, for Z > 0, we have 

(A.l) Go(s) = -log(s), Gi{8) = {8-' 1^0, 

(A.2) ipiis) = s'Gi{l-s) + s'Gi{l + Ks) + s'Gi{l + ^s)-s^Gi{l + s)-s^Gi{l-Ks)-s'Gi{l-^s), 

(A.3) Ms)=s'Gi{l + ^s). 

In particular, we have 

= {1 + + l)<,s'+3 + 0{s'+% 
Ms) = + + l)e's'+V2 - (/ + 2)(/ + l)es'+y6 + 

Note also that for each a,b we have 

(A.5) log(l + s(a + b)) = ^(-l)'+i(a + 6)'s7Z = ^(-l)'+^a' G;(l + 6s). 

Remark A.l. Note that for each I e IKI there is a non-zero constant a G F such that (f)i+2 — a^i 
is a formal series in (pi+i,ipi+2, 



Appendix B. Proof of Proposition 1.15 

B.l. The reduction. We begin with the proof of relation (1.40). We will use the polynomial 
representation p„ of SH„ in V„ in order to compute the expression (B.l) below. However, 

because the theory of Jack polynomials is only well-behaved for symmetric polynomials (as 
opposed to symmetric Laurent polynomials), we will need to somehow restrict ourselves to the 
subspace A„. For this we will use the inner automorphism 

a = Ad(e(,")) G Aut(SH„), e^.") = X1X2 • • ■ X„. 
Note that V„ = A„[(ei"V^] 

Lemma B.l. Let U C SH„ be a finite dimensional subspace which is stable under a and let 
u G U. If u{{en' ■')''' An) = {0} for some integer k then u = 0. 

Proof. For k e Z let Zk C SH„ be the annihilator of (el"')'^A„. We have Zk C Zk+i and 
a{Zk) = Zk+i- Further, since p„ is faithful we have also f]f, Zk = {0}. Thus, since U is finite 
dimensional, there exists I S Z such that U Pi Zi = {0}. But a{U fl Zk) = [/ n Zk^i for all k. 
Thus, we have U Ci Z^ = {0} for all k. □ 

For fc > let A{k) he the subspace of elements of F[dI^I, . . . , -Do"fc] of degree k. Here is 
in degree I. Consider the following finite-dimensional subspace of SH„ 

Bik)=[D%,[Hk,D^-^]]+A{k). 

Prom (1.38) and (1.39) it follows that for l,k ^ we have 



(B.l) 

,l+ki 

■)(") rn(") n(")i 



L-'^-i.O' ^1,1- 

[n(") rn("J nWii 
1-^-1,0' [^o,i+k^-^i,on- 
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Thus, both sides of (1.40) belong to B{k + I). One checks that 

from which we see that the subspace B{k + I) is stable under a. By Lemma B.l we see that 
it is enough to check (1.40) in (el"^)'^A„ for some A; € Z. This is what we will do in the next 
paragraphs. 

B.2. The Pieri formula for e_i. We state here a Fieri formula for the multiplication of Jack 
polynomials by the elementary symmetric Laurent polynomial 

Since the product e^^l ■ jI""* may not be a polynomial, we need to restrict the range of application. 
For A = (Ai, . . . , A„) we write 

A-(r) = (Ai-i,...,A„-i), (r) = (i,i,...,i). 

We'll use the following result [41, sec. 5]. 

Lemma B.2. Let X be a partition of length n. We have 

n 

4") = c,{k) e(") J("J(,„), c.(«) = n h\i, 1). 

Thus, we have en"^A„ = 0^ FJ^\ where the sum runs over the partitions of length n. 
Proposition B.3. Let X be a partition of length n. We have 

where the sum ranges over all n C X with = |A| — 1 and where 
Proof. We have 

(B.2) eL"M"^ = cx{K) eLI J<"_\,„) = dn) ei"2, jf_\,„). 

This allows us to use the Pieri formulas for the multiplication by e^}-^ given in [41, thm. 6.1], 
using the duality [41, thm. 3.3]. We leave the details to the reader. □ 



B.3. Proof of Proposition 1.15. For a linear operator / on A„ we define {fi ; f ; X) by 

f{J^^^) = Y.{f^;f;X)4-\ 

Using the explicit expressions of the Pieri rules for e^j* it is easy to check that 
(B.3) (m; [I?%[^S\M?o^]]; A) = 

for any ji =/= X with /(A) = n, compare [39, app. Aj. In the remainder of this paragraph, we 
compute precisely the coefficient arising in (B.3). We will use the following notation introduced 
by Garsia and Tesler. Label the removable boxes of A by Bi,B2, ■ ■ ■ ,Br from left to right, and 
the addable boxes Aq,. . . ,Ar also from left to right. Set 7 = {O, . . . , r}, J = {1, . . . , r} and 

(B.4) Oi = c{Ai), bj = c{Bj), iel, j gJ. 
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Observe that we have 

x{Ao) = y{Ar) = 0, x{Aj)=x{Bj) + l, y{Aj_i) = y{Bj) + 1, j € J. 
Example B.4. Here is an example with A = (4, 2^, 1^) 



Ao\ 

I 











Ai 






B2 








A2 










B3 



ao = —5k 
ai = 1 — 3k 
a2 = 2 — K 



Figure 2. Garsia and Tesler's variables. 



Let us begin by rewriting the expressions appearing in the Fieri rules in terms of Garsia and 
Tcslcr's notation. Let A be a fixed partition and let Bj, Ai, ai, bj be associated with A as above. 
A direct computation yields 

Lemma B.5. For i G I, j G J we have 

seCAi ^ ^ seRAi o&J kei\{i} 

seCB^ ^ ' seRB^ ^ ' iei fee AO'} 

Set = I \ {0}. The above lemma yields the following. 
Corollary B.6. // A has length n then, for I ^ 0, we have 

(A;[^Lto>[<><]];A>=E«^ n "-'^^^"-'t^^ 



Note that in (B.5) the variable oq never appears. In fact, we have oq = —nn since = n. 
Let us now form the generating series 

X(")(t) = 5:(A; [D%,[Dt},Dt;i]];X)tK 
1^0 

By (B.5) we have 

fli - flfe + ^ TT fli - bj - ^ 



ie/x ' fe6/x\{i} jeJ ' ^ 



1 - bd -l-J- bi - ai J-J- bi - bk 

jeJ ^ iei'< ^ keJ\{j} ^ " 
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Lemma B.7. Given two disjoint sets of commutative formal variables {ui ; i € I^} and 
{bj ; j € J} we have 



-TT a» - Qfc + ^ TT Ij -bj-$, _ t^ yf b] - + C TT ^>J - ^>k - ^ 

^ 1 — ad ai — ttk CLi — bi ^ \ — bA, b^—ai b^ — bu 



J-i l-ta^ J-J- l~tbi 

Proof. Both sides of the equahty are rational functions in t of degree 0, with at most simple 
poles. One checks that the poles and residues are the same. This implies the equality, up to a 
possible constant. But both sides vanish at t = 0. So this constant is zero. □ 

The above lemma implies the equality 

ie/x jeJ 



= exp( J2{Pii(^iV -Pl{a^-i)'' +Piibj)-pi{bj+0)t^/l 

where 



PfK)"" = 1^ «i. P/K-O"" = l^K -0'. Pi{bj) = J2^j, etc. 
ie/x ie/x jeJ 

The last step is to identify the expression above with the eigenvalue of an element in SH^ on 
the Jack polynomial Jx{Xi, . . . , Xn). From (1.32) we get 

(m;</;m) = E^(«)'"'- 

We'll use the following notation 



iei 

Pi{ai-i) = 

ai{x) = {x + 1)' - {x - ly + {x + ^ - - {x - ^ + 1)' + {x- 0' -{x + 0'. 



Lemma B.8. We have 

(B.6) Pi{ai)-pi{ai-i)+pi{bj) - Pi{bj + = (-1)'+'^' + ^a,(c(s)). 

Proof. The proof is by induction on |A|. If |A| = then r = and ao = 0. Assume that (B.6) 
holds for all partitions of size at most m — 1 and let A be a partition of size m. Let /x C A be a 
subpartition of A of size m — 1, and set s = A\/i. Let r, bj,ai and r', 6^, be associated with A 
and fj, respectively. Note that we may have r' = r, r' = t — 1 or r' = r + 1. One checks that 

Piiai) -pi{ai - +Piibj) -pi{bj + = Pi{a'i} -pM - +Pi{bj) -pi{b'j + + (^i{c{s)), 
which closes the induction step. We leave the details to the reader. □ 

Using Lemma B.8 and the fact that for Z(A) = n we have 

ao = — riK = —kDq^q, 
we get that the formal series 1 + ^tX^"'\t) is equal to 

exp (^(-l)'+iC'i70 exp (^(-l)'((e + «<))' - (K<J)')t7/) exp (^^a,(c(5))i7^). 
1^1 1^1 1^1 sex 
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Now, from (A. 5) we get 
(B.7) _l±2L- = e.p(|:(-iyaV,«))^ 

Using this, we may finally write 

1 + (t) = K{k, , i) exp ( 5^ ^ c{sy it)) , 



1^0 sex 



K{n,.,t) = = (l + ^*)exp(E(-l)'«'-VKi))- 

Therefore, by (1.32), we see that (1.41) holds when applied to J\. Since this is true for all A of 
length n, the identity (1.41) holds when applied to any v in e„V+ by Lemma B.2. But then, by 
Lemma B.l, (1.41) holds unconditonally. This concludes the proof of Proposition 1.15. 



Appendix C. Complements on Section 5 

C.l. The canonical representation of U^^'"'' on L^^. In this section we describe the canon- 
ical representation of U^^'^ on L^^ explicitly. The following lemma is well-known. 

Lemma C.l. (a) The convolution product gives = ^/n,!/ eu^ [/a] . 

(h) For a T-equivariant vector bundle V over Hilb„ of rank r we have 

ci{V) = J2eu^'ci{V\iJ[h], Ze[l,r]. 

Ahn 

From the above lemma we obtain the formulas 
(C.l) ci(r„,„+i)' = J2 ci(^/^,a)' eu(A^;, J en;^^[I^,x] 

(C.2) ci(r„+i,„)' = ^ c^irxj eu{Nl^) eu^^^[hj 

(C.3) Cl{Tn,n) = 

where the first two sums range over all pairs /i, A with c A and /zhn, Ahn + l. Combining 
the above (C.1)-(C.3) with the explicit expressions deduced from (2.18) and (2.20) 

euA = n - + 1)^) ( - (^(■s) + + 

seA 

eu(A^A*,M) = eu(A^;,A) = H ' («a(s) + l)x) ( - {lx{s) + l)y + a^{s)x) 

sen 

we get the following formulas 

(C.4) /i,;([/^]) = y-'x'-'^c{XWL^,x{x,y) [h], 

(C.5) f-iAih]) = x'J2 ciXWLxAx, y) iU 

/iCA 

(C.6) /o,,([/a])=x'^c(s)'[/a]. 

seA 
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Here c(s) is defined in (1.29), wc have 

lfi{s)y - {a^{s) + l)x Yj (Z^(s) + l)y - o^(s)a:; 



and the sum in (C.4) ranges over aU A containing /j. satisfying |A| — + 1. We set also 
r ,A _ TT {l\{s) + l)y - a\{s)x -pr lx{s)y - {ax{s) + l)x 

and the sum in (C.5) ranges over all ^ which are contained in A and satisfy |/ti| = |A| — 1. 



C.2. The triangulcir decomposition of U^^. We begin with the following lemma. 
Lemma C.2. There are one parameter subgroups : C — >■ Aut(U^'''^) defined by 

Proof. It is enough to deal with r"*". By Theorem 6.3 there is an algebra isomorphism 

By Corollary 4.8, the assignment 9i i— > Y1\^q (^^u^'^Oi extends to an automorphism of SCa'. 
This shows that t+ is wcU-dcfincd on U^'*'^. Next, since U^''" = if [/o.; ; / ^ 1], the map rj" is 
well-defined on U^'*''' as well. To finish the proof, it remains to observe that we have 

(C.7) U«'+ = U«'° K UW'> 

with respect to the adjoint action [/o,i?/i,ri] = f\,i+n^ and that 

I n 



i=0 j=0 



l+n /; I \ 

□ 

We now turn to the proof of Proposition 5.3. It is adapted from the proof of [39, prop. 4.8]. 
The same argument as for SH implies that the multiplication map is surjective 

We only have to prove its injectivity. We argue by contradiction. Let x = Pi® Ri® Qi be 

a nonzero homogeneous element in Ker(m). We may assume that the elements Ri arc linearly 
independent polynomials in the /o,i's and that Pi, Qi ^ 0. Multiplying by an clement of U^'''^ 
or U^'''^ if necessary, we may also assume that x is of degree zero. For all partition A we have 

(C.8) ^PioRioQi{[h])=^0. 

i 

We'll apply (C.8) to certain partitions. Given partitions Ai,A2,...,Afc and given an integer 
|Ai|, . . . , |Afe|, let the symbol Ai ® . . . ® Afe denote the following partition 



80 



O. SCHIFFMANN, E. VASSEROT 




(n, kn — n) 




(2n, kn — 2n) 



{kn — n, n) 




Note that Xi ® ■ ■ ■ ® \k is well-defined as soon as n > supj(/(Ai), ^(A-)). Put 
(C.9) t = sup,(deg(P,)) = sup,(- deg(Qi))- 

For an operator / on L^^ we denote by (ii;f;X) the coefficient of [/^u] in /([/a])- For n large 
enough we consider the coefficients 

(Ai ® A2 ® A3;Piiii(3i;Ai ® A2 ® A3), Ai c Ai, A3 c A3, |Ai\Ai| = |A3\A3| = 

Since Qi is an annihilation operator and Pi is a creation operator, by (C.9) the only way to 
obtain Ai ® A2 ® A3 from Ai ® A2 ® A3 is to use all of Qi to reduce Ai to Ai and to use all of Pi 
to increase A3 to A3. Therefore we have 

(Ai ® A2 ® A3 ; PiRiQi ; Ai ® A2 ® A3) = 

(C.IO) = (Ai ® A2 ® A3 ; Pi ; Ai ® A2 ® A3) (Ai ® A2 ® A3 ; P, ; Ai ® A2 ® A3) 

(Ai ® A2 ® A3 ; ; Ai ® A2 ® A3). 

Note that (C.IO) is zero unless deg(Pi) = — deg{Qi) = t. 

Lemma C.3. There are non-zero c, deK such that, for P e U^^'>[t] and Q e U^^'<[-t], 
(C.ll) (Ai ® A2 ® A3 ; g ; Ai ® A2 ® A3) = c {\i;T^,,y{Q); Ai), 



(C.12) 



(Ai ® A2 ® A3 ; P ; Ai ® A2 ® A3) = d (A3; t2+„^(P); A3). 



Proof. We prove (C.ll). The proof of (C.12) is identical. If Q = f-i,kt ' ' ' then 



(C.13) (Ai ® A2 ® A3;(3;Ai ® A2 ® A3) = '^Y[c{si)''' i^,®A2®A3,w+i®A2®A3(a;,y). 

i=l 

In (C.13) the sum runs over all sequences 

Ai = Ml 2 /X2 • • • 2 Ht+i = Ai 
and we have set .s,; = For partitions a D (3 with \a\ = + 1 we have 

I / X TT (/a(s) + l)y - aa{s)x _ yr la{s)y - (0^(5) + l)x 

"''^ ' j^- l<x{s)y - aoc{s)x }^ la{s)x - aa{s)y 

Next, in (C.13) again, for a box s in /Xj we have x{s) = x\^{s) and ?/(s) = yxi{s) + 2n, where 
x\^ and denote the coordinate values when we place the origin at the bottom left corner of 
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Ai, i.e., at the point (0, 2n), as opposed to the point (0, 0) which is the origin of Ai (D A2 ® A3. 
Similarly, we have 

R{s) = Rx, {s), Cis) = Cx, is) U C'is), C"(s) = 0), . . . , {x{s), 2n - 1)}. 

Finally, observe that the armlength a{s) or the leglength l{s) are the same whether we consider 
s as belonging to fii or to /Zi (§) A2 ® A3. Now, write (Tj = /i, ® A2 ® A3 and cr = Ai ® A2 ® A3. 
From the above formulae we deduce that 

c(si) = cxi{si) + 2ny, 

i=i i=i sec'ia.) ^"'^^'y ^'^i^^)^ 

Note also that the quantity 

-rr TT (^M.(g) + 1)2/ - ai^,is)x ^ -r-r -rr {y{s) - y{u) + l)y - acr{u)x 
ln(s)y — ai,(s)x (y(s) — y(u))y — aa(u)x 

is independent of the choice of the chain of subdiagrams (/Uj), and that 
t 

The lemma is proved. □ 

Using (C.IO) and Lemma C.3, the linear relation (C.8) gives 
(C.14) ^(As; r2+„,(Pi); A3) (Ai ® A2 ® A3 ; J?i ; Ai ® A2 ® A3> (Ai; T2- ^(Qi); Ai) = 

for all Ai, Ai, A2, A3, A3 as above and all large enough n. Choose A3, A3 and Ai, Ai such that 

(A3 ; r+,APi) ; A3>, (Ai ; ,(0.) ; Ai) ^ 

for some i. Fix the integer n and let us vary the partition A2. We abbreviate A = ® ® 0. The 
matrix coefficient (Ai ® A2 ® A3 ; fo,; ; Ai ® A2 ® A3) is equal to 

(Ai ; T2ny{io,i) ] Ai) + (A2 ; Tnx+ny{io,i) A2) + (A3 ; T2„a.. (foj ) ; A3) + (A ; fo,i ; A). 

Recall that Ri — i?i(fo,i, fo,2, • • •) is a polynomial in the operators fo,;. Set 

R'i = (A3 ; T^nx^Pi) ' A3) (Al ; T^nyiQi) ; Ai) Ri{Tnx+ny{io,l) + ^1, Tnx+nyi^Oa) + 0^2, • • •) 

where 

Oil = (Al ;r2„y(fo,;) ; Al) + (A3 ;T2„a;(fo,i) ; A3) + (A;fo,i ; A), I > 1. 
We may rewrite (C.14) as 

(C.15) 5^(A2;i?^A2) = 0. 

i 

Since this holds for all A2 with Z(A2), ^A2) < n and n is large enough, we deduce that Ylii R'i = 0- 
Remember that the Ri's were chosen to be linearly independent. Then the R'^'s are also linearly 
independent and we arrive at a contradiction. This concludes the proof of Proposition 5.3. □ 
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Appendix D. Complements on Sections 3 and 6 



D.l. Proof of Proposition 6.6. The proof is adapted from the computations in [45, sec. 4.5]. 
First, we have the fohowing formulas, compare (C.l), (C.2) and (C.3), 

(D-1) ci(r„_i,„)' = ^ ci(r.,A)' euiK^^) eu'i [7.,a], 

(D.2) ci(r„+i,„)' = ^ ciK,a)' eu(K cu;\ [J.,a], 

ACtt 

(D-3) Ci(r„,„) = ^c;(rA) eu^^ [/a,a]- 

A 

Here cr, A and tt are r-partitions of n — 1, n and n + 1 respectively. Now, assume that A, fj, are 
r-partitions of n and that a, tt are r-partitions of n — 1, n + 1 respectively, with cr C A, /x C tt 
and A ^ /U. Then, the r-partitions a, tt are completely determined by A, /x and (3.9) gives the 
following identity 

Therefore, using the identities from Sections 3.4, 3.3, a short computation gives 
(D.4) Nx^a + N^,a~T„ = N^,x+N^,^.-T^. 

Therefore, using (D.l), (D.2) and (3.12), (D.4) we get 
(D.5) [h^i,k,hi,i]{[h])=cx.k+i [h] 

for some constant c\.k+i which remains to be computed. To do so, observe first that 
/-i,fe/i,/([/A]) = E ci(rA,.)'=+' eu(iV,*,, + iV;,) eu"!, [/a], 

ACtt 

/i,//-i,fc([/A]) = E ci('^--a)'=+' eu(iV,V + euA,'. [hi 

<j<Z\ 

modulo with M ^ A. Next, set Hx = (1 — q){l — t)T\ — W. For A C tt we have 

Hx = H^-~{l-q){l-t)Tx,n, 
-^A.TT - ^A = -VTx.jrHx - V, 

(D.6) = -vtI^H, + I - q-^ - t-\ 



Tx,^H*x + l-q-' -t-K 



Now, we consider the following sums 

(D.7) Bx=Y^ VA, Ax = Yl 

ctCA ACtt 

The proof of the following lemma is left to the reader, compare [45, lem. 7]. 
Lemma D.l. For each r -partition \ of n we have the equality of characters 

Hx = v-^Bx - Ax. 

Thus, we get 

^^A,. + ^:,A - n - t: = v-\tx,^A*x + tI^Bx - l) - {tx,.B*x + tI^Ax -l)-q-t, 
^aV + K,x - T*x - t: = v-\t,,xA*x + T^xBx - 1) - (t^.a-B^ + t^a^a -l)-q-t. 
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We get 

Consider the formal series 

For u = a; + J/, we have 

/^Cc^- ^ 1 -rr &j- - a» + M -pr bj-bk-u , 
'^(^)--Z.T^ 11 ^ .ai 11 6, - 6fe + 

^ 1 T-r Qa - flfc + U -pr ttj - bj - U 

1 — a^s ai — Qk ai — hi ' 

ie/ fe6/\{i} JGJ 

with 

{bj ; j e J} = {ci(r<^,A) ; C A}, {tti; iel} = {ci(ta,x) ; A C tt}. 
Thus, by Lemma B.7, we get the following equality 

1 — s(a, — u) -p-p 1 — s(5j + u) 



^ sttj 1 — sbj 

lei jeJ ■' 

_ -TT 1 - sci(i;~Vg^A) / -TT 1 - SCi{tx,^) 

1 - SCi{v-^Ta,x) +SU I J-^-^ 1 - SCi{tx,t,) + SU' 

Now, fix splitting sums of onc-dimc!nsional characters 

T*x=4'\,l + --- + Kn, W^* =Xl + ••• + Xr• 

Set fx,i = e\i{4>x,i) and Ca = eu(xa). Then, by Lemma D.l, we have 

HX = Y. - E = *)'^A,i - E ^a- 

(tCA ACtt i a 

Therefore, we get 

1 + ./crCs^ = TT ^ + ^(/a,» + a^) 1 + s{fx,i + 1 + s{fx,i - u) -/j 1 + s{ea + tx) 
1 + s{fx,i -x)l + s{fx,i -y)l + s{fx,i + u) ii 1 + sea ■ 

Recall that u = x^. Using (A. 5) and (A. 2), we finally get 

i+iY.''x,ks'^' = n exp(x:(-i)V;(/A.)^"V.(«)). 

fe^o a=i " 

Now, Remark 2.3 gives 

hQ^i+^[Ix] = {-l)'x-'pi{fx,i) [h\- 

Thus, we obtain 

1 + SSa + 

- AJ, 



k^O a=l i^O 

= exp(^(-l)'+V;(£l0i(s)) exp(^ V^+i ih] 



where = J2a^a.- Comparing this expression with (D.5), we get the proposition. 
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D.2. Proof of Proposition 6.7. Now, we prove that the representation p^'"' of SH^-* on L^-* 

is faithful. For an operator / on L^^ and r-partitions A, /x we denote by /; A) the coefficient 
of [/^] in /([/>]). Given partitions Ai, A2, . . . , Afe and given an integer n ^ |Ai|, . . . , |Afe|, let the 
symbol Ai ® . . . ® A^ denote the r-partition whose first part is the partition Ai ® . . . ® A^ from 
Section C.2 and the r — 1 other partitions are empty. Given a finite family of elements 

we set X = PiRiQi. Assume that p'^'^\x) = 0. We may also assume that PiQiRi is homoge- 
neous of degree (for the rank grading) for each i. Then 

A)=0 

i 

for each r-partitions X, ^. For n large enough we consider the coefficients 

(D.8) (Ai®A2®A3;/9('"'(P4i?igi);Ai®A2®A3), Ai c Ai, A3 C A3, |Ai\Ai| = |A3\A3| = t 

with t = supj(deg(P,)) = supj(— deg((5i)). Since Qi is an annihilation operator and Pi is a 
creation operator, the coefficient 

(D.9) (Ai ® A2 ® A3 ; p^'^^ {PiRiQi) ; Ai ® A2 ® A3) 

factorizcs as in (C.IO), and it is zero unless deg(Pi) = — dcg(Qi) = t. We claim that (C.ll), 
(G.12) hold again for some non-zero c,d £ K^- Then (C.14) hold again for all Ai, Ai, A2, A3, A3 
as above and all large enough n. If a; 7^ we may assume that the elements Ri are linearly 
independent polynomials in the /oj's and that Pi,Qi 7^ 0. Then the same argument as in 
Section C.2 yields a contradiction. The proof of the claim is the same as the proof of Lemma 
C.3. It is left to the reader. □ 

The proof above has the following corollary. 

Corollary D.2. The multiplication map SH^^'^ O SH^^'° SH^^'^ SH^^ is injective. 



D.3. Proof of Lemma 3.11. Fix r-multipartitions fi, A such that fi C X and |A\/z| = n. Let 
h,. . .,ln be integers > 0. We need to prove that 

(D.IO) (A; • • • /u) = to„(4' • • ■ ^i" )(t^,a) eu^ . 

Let si , . . . , s„ be the boxes of A\/U. We have 

(D.ll) (A;/i,(, •••/!,;„ ;m)= ^ (A^'°; A^'^) • • • (A-'"-^ /i,;,; A^-") 

where A^'O = A and X"'' = A\{s<,(i), . . . , s<,(i)} for i = 1, . . . , n. We set {X''''-^-Ji^^; X"'') = 
if A'^'*"^ or A'^'* is not a multipartition. We say that a is admissible if A*^'^, . . . , A'"'""^ are all 
multipartitions. If n = 1 then we have 

(D-12) (A;/i,;;m> = ciir^^Y en{Nl^ - T^) = ci(T^,A)'a^,A. 

Hence, if a is admissible then 

n n 

i=l 4=1 

Now let a £ 6„ be arbitrary. Using (3.10), (3.11), wc get after a straightforward computation 

n 

J2 (^^.-^A-^ - r^.-i) = ((1 - q){l - t)(r;,, rx) - r^^ ®W - ny-')- 

(D.13) 

- (1 - 9)(1 -^)5I^A-.-,A<'.-i <^T-A^.^A->i-i- 
i>j 
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We have already seen in the proof of Proposition 3.12 that 

a^.A = cu ((1 - q){l - t)(T*^^ (g) Tx) - r; (g)W- nv'^) 
is nonzero and weh-defined. A similar reasoning shows that 
(D-14) eu ( - (1 - q){l -t)J2 rl..,x.,i-i <S> ta...,a^..-0 

i>j 

is well-defined and vanishes if a is not admissible. Now note that 

(D.15) eu( - (1 -i)^r;„,i_;^<.,i-i O tac.j.a-.^-O = fi'(ci('rs„(i,), . . . ,ci(t^^(„))). 

i>j 

It follows that 

X) ci(rs^(j) )'!••• ci (rs^(„) eu ( - (1 - g)(l - ^ r^^.i-i^^-,* ® ta-.^-ixa-.j) = 

= X] Ci(Ts,(i))'' •••Cl(T^„(„))'"5(Cl(T^,(i)),.-.,Ci(rs,(„))) 
o-66„ 

= n7„(4'---^i")(r^,A)- 
Lemma 3.11 is an easy consequence. 

Appendix E. The Heisenberg subalgebra 
In this section we prove the formula in Section 1.11. 
Lemma E.l. For fc,Z > we have [Difi,Dkfi] = [■D-i,o, i^-fc,o] = 0. 

Proof. Follows from Remark 1.29. □ 

Lemma E.2. Fori ^ we have [fj^O) -D-i,o] = —EqSi^i and [Difi,D-ifi] = —EqSi^i. 
Proof. The proof is by induction on I. Prom (1.72) we have [-Di,o, -D-i,o] = —Eq. Next, we have 
(E.l) A,o] = Wi+1,0, [D.i,!, D_i,o] = -lD-i-1,0- 

Thus, using the induction hypothesis and (1-72), we get 

(E.2) /[A+1,0, £'-i,o] = [[Di,i, A,o], £'-i,o] = -[A,o, [Di,i, D_,fl]] = [A,o, E,]. 
Now, by definition, Ei is a central element. Thus, we have 

[A,o,-D-i,o] =0, l>2. 
The second identity follows from the first one by applying the anti-involution tt. □ 

Lemma E.3. For I gZ we have [ZPo.i, -D(,o] = IDi^. 

Proof. Prom the faithful representation of SH+ in the Pock space (see Proposition 1.20) we get 

[-Do,i,A,o] =«A,o, 

Now apply the anti-automorphism n and Section 1.11. □ 



Lemma E.4. For I ^ 2 we have [£>i^i, Z)_;_o] = —kIDi-i^q and [D-i^i,Difi] = kIDi-i^. 
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Proof. The second relation follows from the first one and the anti- involution tt of SH'^. Let us 
concentrate on the first relation. The proof is by induction on /. By (1.72) and the induction 
hypothesis we have 

= Z?i_,,o]/(l + Di_i,o]]/(l - I) 

= -[E2, 1)i-z,o]/(l - + 4D-i,i,D2-i,o]. 

Now, using (A. 4), we get that the element E2 — 2k£)o,i is central. Therefore, by (E.l) and 
Lemma E.3, we have 

[-Di,i,£'-;,o] = -2«;[Do,i, A-i,o]/(l - + «(2 - OA-i,o 
= -kIDi_i^q. 

a 

We now prove formula (1.92), which is equivalent to (Ii^k) below 

For fc = 1 or Z = 1 this is Lemma E.2. Let us prove the formula (/;^fc+i), assuming that we have 
already proved (/.,fe) and {Ii/^k+i) for I' < I. Using (Ii^k) and Lemma E.4 we get 

[A+i,o,£'-m] = [[Di,uDi,o],D_k,o]/l 
= -[Di,Q,[Di,i,D-k,o]]/l 
= Kk[Difi,Di-k,o\/l 
= K{l + l)AlEo5l+l^k/l■ 
'SNe deduce that Ai+i = k{1 + l)Ai/l. Since Ai = —1 this shows that Ai = — as wanted. 

□ 

Appendix F. Relation to Wi+ao 

Let VKi+00 be the universal central extension of the Lie algebra, over C, of regular differential 
operators on the circle. To unburden the notation we'll abbreviate *2IT — Wi+oo- The aim of 
this section is to prove that the specialization at k = 1 of SH*^ is isomorphic to the enveloping 
algebra of 2U. 

F.l. The integral form of SH°. Let SH^ be the A-subalgebra of SH'^ generated by the set 
{ci, £>±i,o, -Do,; ; Z > 0}. From (1.35) and (1.58) it follows that SH^ contains the elements Di^, 
D±i i for any / ^ 0. Let SH^, SH^'' and SH^ be the A-subalgebras generated by {Du ; I ^ 0}, 
{c;,£'o,i ; Z > 0} and {f-i,; ; / ^ 0} respectively. Replacing everywhere A by Ai we obtain the 
Ai-algebras SH>^, SH^°, 'sH<^ and SHa^. 

Proposition F.l. (a) The Ai-module SH^^ is free and we have SH^^ F = SH*^. 

(h) We have a triangular decomposition SH^^ = SH^^ ^a-l SH^^ SH^^. 

Proof. We claim that SH^^ , SH^^ and SH^^ are free over Ai , and that 

Thus, we have an isomorphism 

(SH>^ ^A^ Snf^ ^A^ SH< J ^A^ F = SH> ® SH-^'O ® SH<. 
Therefore, the multiplication map 

SH>^ ®A, SH<^ ^ SH^^, 
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being the restriction of a similar map over F, it is injective by Proposition 1.36. We only need 
to show its surjectivity. The proof is the same as for SH*^ in Proposition 1.36. It is based on the 
fact that D-i,i,Di,i G SH^^ for I ^ 0. Then, using the triangular decompostion, we get that 
SH^^ is free as an >li-module and that 

Now, we prove the claim. It is clear for SH^'°. The remaining two cases are similar, we 
only deal with the first one. Recall that SH> carries an N-grading and an N-filtration, with 
finite-dimensional pieces SH>[r, ^l]. Consider the yli-module 

SH>Jr,sCZ]-SH>^nSH>[r,s=:;]. 

Since the tensor product commutes with direct limits, it is enough to check that 

(F.l) SH>Jr,^;](^A, ^^ = SH>[r,^;] 

and that the inclusion of yli-modules 

(F.2) SH>Jr,</]cSH>Jr,^Z] 

is a direct summand. Now, for n large enough the map yields an isomorphism 

SH>[r,</]^SH>[r,<Z]. 

By Remark 1.4, this map restricts to an isomorphism of j4i-modules 

SH> Jr, < Z]^SH> ,4 Jr,<;]. 

In particular, the left hand side is finitely generated and torsion free. Hence it is free. Further, 
(F.l) holds by (1-11). Finally, to prove (F.2) it is enough to check that the inclusion of Ai- 
modules 

SH>,,Jr,<Z]cSH>^Jr,sC/] 
is a direct summand. This follows from the fact that the inclusions of Ai-modules 

H>^Jr,<Z] cH>^Jr,^;], SH> ^ Jr, ^ I] C H> ^ Jr, ^ 
are direct summands, by the PBW theorem and formula 

SH>^Jr,^«] = S.H>^Jr,^«].S. 

□ 



F.2. The Lie algebra Wi+oo- The Lie algebra W has the basis {CjWi^k ; ^ € Z, fc G IN} and, 
given formal variables a, /3, the relations are given by 



3^ [t^ exp(a£>), t'' exp{(3D)] = (exp(fca) - exp(//3)) t^+'' exp{aD + (3D)+ 

exp{-la) - exp(-fc/3) 
1 — exp(a + p) 

Example F.2. The elements bi = wi q with I G Z satisfy the relations of the Hcisenberg algebra 
with central charge C, i.e., we have — l5ij~C. Let ,yif be this Lie subalgcbra. 

Example F.3. For G C, the elements if = —wi^i — j3{l + 1)6; with I G Z satisfy the relations 
of the Virasoro algebra, i.e., we have 

[Lf , Li] = {l- k)Ll^ + ^ 6i,-k Cp, Cp = (-12/32 + 12/3 - 2) C. 

1 /2 

In particular {L^ ; I €Z} generates a Virasoro algebra of central charge C such that 

[Ly^,bk] = -khi+k- 
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Example FA. We have the foUowing formulas 

fc-i 



^k\ 

[wo,2,wi^k] = 2to;,fe+i +l'^wi^k, [bi,wi,k] = - X! [fi) '>^l+T-,h + ^l-ih,oC. 

1/2 

In particular, we have [^0,2, h] = ~2/L( — Ihi. 



Let 21J+,2IJ>,2IJ° C 2IJ be the Lie subalgebras spanned by 

{C, wi^k ; l,kG N}, ; Z ^ 1, e IN}, {C, Wq^i -,1^0}. 

We define W~ and 2U< in a similar fashion. The enveloping algebra U (2IJ) carries a Z-grading, 
called the rank grading, in which wi^k is placed in degree I and C is placed in degree zero, and an 
N-filtration, called the order fUtraiion, in which tui,k is placed in degree ^ k. The order filtration 
may alternatively be described as follows : an element u is of order ^ fc if 

ad(pi)o...oad(pfc)(u) gC[C,w(,o ; / € Z], Vpi,...,pfe e U{Jf). 

Let U{W) [r, ^ k] stands for the piece of degree r and order ^ k. The graded pieces U{W^ ) [r, < k] 
and f/(2n^)[r, are finite-dimensional and the Poincare polynomials of U{W-^) and U{W^) 
with respect to this grading and filtration are given by 

(F.4) ^=n>(t,5)=nnriW' ^="<(*'^)-nnr:W- 

The proof of the following result is left to the reader. 

Lemma F.5. The following holds 

(a) W is generated by bi and wo,2; 

(b) 22J^, are generated by {wij ; / ^ 0}, {w-i^i ; I ^ 0} respectively. 



F.3. The Fock space of Wi+oo- For c, d € C we set 

UcdiW) = U{W)/{C - c, 60 - d), Ue,d{Je) = U{jr)/{C - c, 60 - d). 

Let be the irreducible vacuum module with level {c,d), see [21, sec. 1]. It is the top of the 
Verma module 

Me,d = Ind^+(Cc,d), 
where Cc,d is the one-dimensional SHJ^-module given by 

w;,fe 0, Z, fc>0, (Z, fc) 7^ (0,0), C c, 60 c^- 
We will mainly be interested in the pair r] given by (c, d) = (1, —1/2). 

Proposition F.6. (a) The restriction of Sr^ to is the level one Fock space of . 
(b) The action of Un{W) on 5^ is faithful. 

Proof. See [21, thm. 5.1] for (a). Now, we prove part (&). Let I C Un{W) be the annihilator 
of 5*,,. Since Un{.^) acts faithfully on 5^ we have / fl Ur,{J(f) = {0}. The proposition is a 

consequence of the following lemma. 

Lemma F.7. Let I be an ideal of U(W) such that I H U{.y/f) = {0}. Then / = {0}. 

Proof Let / be as above, and let /q C C • • • be the filtration on / induced from the order 
filtration on [/(SU). Assuming that / {0}, let n be minimal such that 7„ 7^ {0}. Since 
/o = / n U{Jif) = {0}, we have n ^ 1. Moreover, since 

ad{bi){U{W)[i^n]) c U{W)[<n], 

we have [/„, U{Jif)] = 0. This contradicts the following claim. 
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Claim. The centralizer ol .yf m U{W) is CC ® C&o- 

Proof. For / g Z we consider the map 

ai = ad{bi) : U{m)[^n]/U{W)[<n] — > U(W)[^n - l]/U{W)[<n- 1]. 

The space U{W)[^n]/U{W)[<n] is identified with the degree {•,n) part of the polynomial ring 
'^\wh,k ; h,k]. One checks from the definition of 21? that ai acts as the derivation satisfying 



cri{wh,k) 



-klwi+h,k-i if fc > 1 
if fc = 



From this it is easy to check that p|; Kcr((T;) = {0} if n > 1. This implies that the centralizer 
of M' in U{W) is contained into ?7(2ir)[«;0] = U{Jf). The claim now follows from the fact that 
the center of UiJf) is CC 8 Cbo- □ 

This finishes the proof of the lemma and of the proposition. □ 

□ 



Lemma F.8. The element wo,2/2 acts in Sr, as the Laplace- Beltrami operator specialized at 
K — 1, i.e., we have 

p{wo,2) =2n^ = ^ {b-ib-kk+k + b-i-kbibk), 

k,l>0 

where p : Ur,{W) End(5^) = End(C[6i ; / < 0]) is the Fock space. 

Proof. The free field formula for is obtained by setting k = 1 in Proposition 8.15. Because 
is cyclic over U{Jf), the action of ^0,2 on Sri is completely determined by the commutation 
relations of two, 2 with {bi ; I € Z} and by the equation t«o,2 -1 = 0. Hence it is enough to check 
that [p(wo,2), &z]/2 = [n^,?);] for all I, because □^•1 = 0. Likewise, the action of the Virasoro 
operators L^^'^ on 5^ is fully determined by their commutation relation with the Heisenberg 
operators. More precisely, from the relations 

[Ly\bk] = -kbi+k, l]/^ -1 = 1/4 

it follows that 

p(Ly') = J2 b-kbk, p{Ly^) = ^i-khf^, I ^ 0. 

Now, one checks by a direct computation that 

[PK2), bi]/2 = p{[wo,2,bi])/2 = -lp{L]'^ + bi/2) = -l{Y, ^i-kbk + bi)/2 = [n\bi] 

feez 

(recall that 60 = —1/2). The lemma is proved. □ 



F.4. The isomorphism at the level 1. Let SH^^^ be the specialization of SH^^ at c = 
(1, 0, 0, . . . ). Recall the representation p : SH^^' — >■ End(A^J. We set 

(F.5) SH« = SH« C, Ai = A^, C 

where Ai acts on C via k iH- 1. We identiiy and Ai via the assignment 
(F.6) b-i^---b-i^-li-^pi^---pi^-l, li,...,lr>l- 

This identification intertwines the actions of the Heisenberg generators bi in UrjiW) with the 
Heisenberg generators D-i^ in SH^^^ for I G Z. It intertwines also the action of ^0,2/2 with 
that of Do, 2 by Lemma F.8 and Proposition 2.5. Since, by Lemma F.5 and Proposition 1.34, the 
algebras Urj{W) and SH^^^ are respectively generated by {6_i,wo,2,&i} and {£)_i,o, -Do,2, -Di,o}, 
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and since by Proposition F.6 the representation on Sn is faithful we obtain in this way a canonical 
surjective algebra homomorphism 

(F.7) : SH*'^ ^ ?7^(2n), D^i^o^h, Do,2^wo,2/2, leT. 

Proposition F.9. The map 6^ is an algebra isomorphism. 

Proof. Set SH^^^'" = SH°/(c — c). We first show that 9-^ restricts to an isomorphism 
(F.8) SH? Ur,{mP). 

By (1.70) we have D\^i = ad(£>o,2)'(i?i,o) for I > 0. So, a direct computation proves that 

i-i 

(F.9) ei(A,i) = 2-'ad(«;o,2)'(6-i)e(-l)'w_i,(©0C«;_i,fc, 1^0. 

fe=0 

Thus, since Ei = [D-i^, Di^i], we get 

1-2 

(F.IO) e\Ei) = [bi,e\Di^i)]e{-iy+Hwo,i-i(B^Cwo,k(BC, 1^0. 

fe=l 

Next, from (1.72) and (E.l), we have the following formula in SH^^^ 
(F.ll) EiGl{l-l)Do,i-i+C[Do,u...,Do,i-2], l>2. 

It follows that 

(F.12) e\Do,i)Gi-iywo,i/l + C[wo,u...,wo,i-i], I > I. 

Thus 9^ restricts to an isomorphism SHj'° ?7^(21J°). Next, observe that 
(F.13) 9^(SHf ) c C/(2n<), 9^(SHf ) c U{QB>). 

Moreover, since 

(F.14) SH^^^ = SH> (8)SH(^)'°(8)SH<, f/^(2IJ) = ?7(2IJ<) (8> C/^(2H°) O ?7(2IJ>), 

by Proposition 1.36. and the PBW theorem, and since is surjective we deduce that 
(F.15) 9^ : SH> ^ C/(2B<), 9^ : SH< ^ U{W>) 

are surjective as well. It only remains to prove that they are isomorphisms. Both SH^ and 
[/(2ir<) carry a Z-grading and a N-filtration. The map 9^ is compatible with these gradings 
and filtrations, i.e., we have 

(F.16) 9i(SH>[r,<Z]) = C/(2n<)[-r,</]. 

But by CorolUary 1.27 and (F.4) these spaces have the same dimension. It follows that 
(F.17) 9^ : SH> -s- U{W<) 

is an isomorphism. The same holds for SH^. We are done. □ 

F.5. The isomorphism for a general level. Now we construct a Z-algebra isomorphism 

(F.18) 9 :SH5^-f/(2n)®Z, Z = C[c;;Z>l]. 

The construction of 9 is inspired by 9-^. Recall that (1.70), (1.71) yield 

(F.19) = ad(£>o,2)'(£'i,o), £>-i,; = (-l)'ad(Do,2)'(£'-i,o), I > 0. 

Thus, by Proposition F.9, the assignments 

(F.20) ^2-'ad(«;o,2)'(6-i), £>_i,; ^ (-2)-'ad(w;o,2)'(6i), l>0 

extend to algebra isomorphisms 

(F.21) 9 : SHf U{W<), 9 : SHf U{W>). 
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They coincide with the restrictions of 6^. Next, we Hft the map 
(F.22) : SH^^^'° ^ C/„(2ir°) 

to a Z-algebra isomorphism 

(F.23) e iSUl'^ ^U{W°)(S>Z. 

For Z > 2 we have 

El e l{l - l)Do,i-i + Z[co, Do,i, £>o,!-2], 
[bi,ad{wo,2) {b-i)] G -{-2yiwo,i-i © Cwo,k © CC © C6o. 

k=l 

In particular, we have SH^'*^ = Z[co, Ei; I ^ 1]. Thus, there is a unique Z-algebra isomorphism 
e as in (F.23) such that 

(F.25) e(co) = C, e(i?0 -2-'[6i,adK,2)'(^>-i)], 

Wc claim that the maps (F.21), (F.23) glue together into a .Z-algebra isomorphism 

(F.26) e : SH5^ ^ U{W) (g) Z. 

By the triangular decomposition argument, it is enough to prove that Q is an algebra morphism, 
i.e., that relations (1.70)-(1.72) hold in U{W) O Z. This is clear for (1.70), (1.71), because 6^ is 
an algebra morphism and is a lift of Q^. The relation (1.72) holds by construction, because 

e([D_i^o, £>!,/]) = e(^,) = e(i?i,0], i > 2, 

(F.27) e([i?_i,o,i?i,o]) =e(co) = C= 

e([i?_i,o, i?i,i]) = e(-ci) = 60 + c/2 = [61, L^ll + 6_i/2] = [61, e(i)i,i)]. 

Therefore, we have proved the following. 

Theorem F.IO. There is a unique Z-algebra isomorphism : SHf — > U{W) (8> Z satisfying 
(F.28) e(co)=C, e{D_i,o) = bi, e(£>o,2) = «^o,2/2, 1^0. 



Appendix G. Complements on Section 9 

We freely use the notations of Appendices B, C and D. We begin by explicitly computing 
f-i,d{G). By definition, we have f-i,d[Mr,n\ = c[Mr,n-i] if and only if the quantity 

(G.l) c^= ^ eu^eu^^(/i ; ; A) 

|AV|=1 

is equal to c for any r-partition fj,. Using (D.l) and (D.6) we have 

(G.2) eu^ eu^i(M ; ; A) = c,{tx,^)'' evi{Nl^ - T^*) = {xy)-^ci{Tx,^)'' euirl^H^ + 1). 

Furthermore, by Lemma D.l, 

(G.3) tIi^H^ + l = qt^ 'rl^t,'ra,ix - ^ t^^^ta',^, 

where in first sum = 1 while in the second |A'\/x| = 1. Setting ax = C\{Tx,fj) and = 

ci(t^,(t) + a; + y we obtain 
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Lemma G.l. Let m ^ 0,n = m + r and d ^ 0. Let Zi, . . . , Zn, yi, . . . , ym be formal variables. 
Then 

U ( - \ f ifd<r-l 



r. 



Proof. Let Pd{z,y) be the left hand side of the above expression. It is a rational function of 
degree d — r + 1 with at most simple poles along the divisors Zi = Zj . It is easy to see that 
the residue of Pd{z, y) along each of these divisors is in fact equal to zero, so that Pd{z, y) is a 
homogeneous polynomial of degree d — r + 1. This proves that Pd{z,y) = ii d < r — 1. To 
compute the scalar Pj—i{z, y) we may set t/fe = for all k and let zi i->- oo. To compute Pr{z, y) 
we may likewise consider the limits Pr{z, y)/zi, Pr{z, y)/yk as i->^ oo and yk^ oo respectively. 
□ 

Using Lemma G.l together with the fact that for a given r-partition /U, 
(G.6) ^6<.-^aA = -(ei + --- + e.) 

cr X 

we deduce 



(G.7) = <^ 



if d < r - 1 

(-1)^-1 ifd = r-l 

^{-iy{ei + --- + er) if d = r. 



and thus that, for d < r — 1, 

(G.8) /_i,rf(G) = 0, /_i,._i(G) = -ilY-'(xy)-'G, f^.^G) = ''-)(-'^?^)"'^- 

i 

This proves (9.3) for I = 1, the first part of (9.4) and (9.5). Relation (9.3) for / ^ 1 and 
the second part of (9.4) follow since D-i^d is obtained from and D-i^d+i by iterated 

commutators with -D_i,o or -D_i,i. Proposition 9.1 is proved. 

Remark G.2. The operator p<-''\x'^-^+^^y^D_i^d) preserves the lattice L*^'') by Remark 3.4, and 
it has the cohomological degree 2(2Z — rZ + d — 1) by Remark 3.5. Thus for / > 1 and r > 2 we 
may deduce directly that 

(G.9) p^'^\D_i,d){[Mr,n]) = 0, p^^\D_i,r-l){[Mr,n])eKr[Mr,n-l], d < r - 1. 
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Index of notations 



Rings, Groups 

F = C(k) 
A = C[k] 
A, A„ 

R = Rj^ ^C[x,y] 
K = KT = C{x,y) 

Kr = K{ei,...,£r) 

D, T, D 



Algebreis 

H„,H± SH„,SH±,SHO 

SH>,SH< 

SH± 

SH>,SH< 
SH, SRO 

tt('-) tt('')^> Tt('')'< Tt('')'+ Tt('')' 

SC. C, SC, SC^, Ck, SCk 
Sh 

ii{Wk{Qlr)),^iWkiQlr)) 

il(SHM) 

Maps 

: SH+ ^ SH+ 
: SH ^ SH„ 

* : Stl-K -> U^^ 

* : SH('-) ^ U^^ 



TT 



e : SH 



(r) 
K 



'^{WkiQlr)) 



Representations 



: U^' ^ End(L^ 



1.1 
1.1 
1.3 
2.7 
2.7 
1.8 
3.2 



1.2 
1.5 

1.5, 1.6 
1.7 
1.7 

1.8, F.l 

1.8 

2.8, 3.6 
4.4 
4.5 
6.1 

7.1, 7.4 
8.1 

8.2, 8.4 
8.5 
F.2 



1.6 
1.6 
1.7 
2.9 

2.9 
3.6 
8.9 
8.9 



1.3, 1.6 
2.9 
3.6 
8.5 

8.3, 8.4 
.7, 8.9, 8.11 



Varieties, Bundles 



Hilb„, Hilb„,„+i 



,n,n+l 



+ Xr 



Mr, 

Tx 

euA, euA,^ 
Tx, N^,x 

w = xi' + -- 

C = Cg = Ce 

Others 



TT : SH+ ^ SH- 
c(s) = x{s) — Ky{s) 

D%,D^,,i,e\-\Ei 
uj = Do,o 

^ = 1 - K 

Gi{s),<fii{s),(pi{s) 
K{k, uj, s) 



SH'^ F 



D 



r,d 

• (Wilson operators) 
huHi 

q,t,x = ci{q), y = Ci{t) 

K = —y/x 

S, <?+', «?- 

Ga = Cl(Xa) 

V = q-H-'^ 

£a = Ea/x 

Ca{s) = x{x{s) - K,y{s) - £a) 

SYM„ 

Oi 

ai 
ai 

H{z), L{z), b{z) 



2.2, 2.4 
3.1, 3.3 

2.4, 3.2 

2.5, 3.3 
2.4, 3.3 

3.3 
3.4 
3.4 
4.2 



1.2, 1.8 
1.4 

1.4, 1.6 

1.5, 1.7 
1.5, 1.6 

1.7 

1.4, 1.6 
1.5 

1.5, 1.8 
1.5 
1.6 
1.8 
1.9 
1.9 

1.10, 3.7, 4.6 
1.10 
2.1 
2.8 
2.9 
3.2 
3.2 

3.6 
3.6 
3.7 
4.5 
7.1 
7.4 
8.10 
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